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Abstract. By Hironaka Desingularization Theorem, any real analytic function has 
only normal crossing singularities after a modification. We focus on the analytic 
equivalence of such functions with only normal crossing singularities. We prove that 
for such functions C°° right equivalence implies analytic equivalence. We prove 
moreover that the cardinality of the set of equivalence classes is zero or countable. 



1. Introduction 

The classification of real analytic functions is a difficult but fascinating topic in 
singularity theory. In this paper, we put our interest on real analytic functions with 
only normal crossing singularities. This case is of fundamental importance since 
any analytic function becomes one with only normal crossing singularities after a 
finite sequence of blowings-up along smooth center by Hironaka Desingularization 
Theorem [Hi]. Our goal is to establish the cardinality of the set of equivalence 
classes of analytic functions with only normal crossing singularities under analytic 
equivalence (theorem 3.2). 

Our first main result is theorem 3.1,(1) which asserts that C°° right equivalent 
real analytic functions with only normal crossing singularities are automatically 
analytically right equivalent. Its proof consists in a careful use of Cartan Theorems 
A and B and Oka Theorem in order to use integration along analytic vector fields 
to produce analytic isomorphisms. Theorem 3.1,(1) is a crucial result in order to 
deal with cardinality issues, in particular in view to make a reduction to the case 
of real analytic functions with semialgebraic graph, called Nash functions. 

The second main result (theorem 3.2) establishes the cardinality of the set of 
equivalence classes of real analytic (respectively Nash) functions with only normal 
crossing singularities on a compact analytic manifold (resp. on a non- necessarily 
compact Nash manifold) with respect to the analytic (resp. Nash) equivalence. To 
prove that this cardinality is zero or countable, we first reduce the study to the 
Nash case by theorem 3.1,(1), then from the non compact to the compact case via 
Nash sheaf theory, a Nash version of Hironaka Desingularization Theorem and a 
finer analysis of the normal crossing property on a Nash manifold with corners. 
Finally Hardt triviality [Ha], Artin-Mazur Theorem (see [S2]) and Nash Approxi- 
mation Theorems [S2], [C-R-Si] enable to achieve the proof. Note that along the 
way, we establish (as theorem 3.1,(3)) a plus semialgebraic version of theorem 
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3.1,(1), namely semialgebraically right equivalent Nash functions with only nor- 
mal crossing singularities on a Nash manifold are Nash right equivalent (see also 
theorem 3.1,(2) for a version). 

The paper is organized as follows. In section one, we recall some definitions that 
are fundamental in the paper, in particular the notion of normal crossing in the 
case of manifolds with corners. We devote the second section to some preliminaries 
about real analytic and Nash sheaf theory, that will be crucial tools for the proof 
of the main theorems, and also a quick overview on the different topologies we 
will consider on spaces of maps. Third section is dedicated to theorem 3.1,(1) and 
its proof, and the statement of theorem 3.1,(2) and 3.1,(3), the proof of which we 
postpone to section five. Actually, even though the statements are very similar, 
we need to prepare in section four some materials for it. We prove in particular 
as lemma 4.6 that a normal crossing Nash subset of a non-compact Nash manifold 
is trivial at infinity, and we compactify in proposition 4.9 a Nash function with 
only normal crossing singularities. We finally prove theorems 3.1,(2) and 3.1,(3) 
together with theorem 3.2 in the last section. 

In this paper a manifold means a manifold without boundary, analytic manifolds 
and maps mean real analytic ones unless otherwise specified, and id stands for the 
identity map. 

1.1. Analytic functions with only normal crossing singularities. 

Definition 1.1. Let M be an analytic manifold. An analytic function with only 

normal crossing singularities at a point x of M is a function whose germ at x is 
of the form ±a;"(= ± HiLi -^f ) additive constant, for some local analytic 

coordinate system (xi,...,x„) at x and some a — (cti, «„) ^ G N"^. If the 
function has only normal crossing singularities everywhere, we say that the function 
has only normal crossing singularities. 

An analytic subset of an analytic manifold is called normal crossing if it is 
the zero set of an analytic function with only normal crossing singularities. This 

analytic function is called defined by the analytic set. It is not unique. However, 
the sheaf of (9-ideals defined by the analytic set is naturally defined and unique. We 
can naturally stratify a normal crossing analytic subset X into analytic manifolds 
Xi of dimension i. We call {Xi} the canonical stratification of X. 

1.2. Case of Nash manifolds. 

Definition 1.2. A semialgebraic set is a subset of a Euclidean space which is 
described by finitely many equalities and inequalities of polynomial functions. A 
Nash manifold is a submanifold of a Euclidean space which is semialgebraic. A 
Nash function on a Nash manifold is a function with semialgebraic graph. A 
Nash subset is the zero set of a Nash function on a Nash manifold. (We call a germ 
on but not at X in M to distinguish the case where X is a set from the case of a 
point.) 

We define Nash functions with only normal crossing singularities, normal cross- 
ing Nash subsets of a Nash manifold and the canonical stratification of a normal 
crossing Nash subset similarly to the analytic case. 

For elementary properties of Nash manifolds and Nash functions, we refer to [S2]. 
As a general fiavor, note that Nash functions carry more structure than analytic or 
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In this paper, we will make an intensive use of the two classical approximation 
theorems by Nash functions, which are quite different in nature. The first one, that 
we will refer to as Nash Approximation Theorem I, concerns the approximation of 
semialgebraic maps by Nash maps (see [S2]). The topology we use in that case 
is the semialgebraic topology on spaces of semialgebraic maps (see subsection 
2.3 for an overview about topologies on spaces of maps). Note for instance that, in 
that topology, a semialgebraic map between semialgebraic manifolds close 
to a semialgebraic diffeomorphism is a diffeomorphism. 

Theorem. (Nash Approximation Theorem I, [S2]) Any semialgebraic map be- 
tween Nash manifolds can be approximated in the semialgebraic topology by a 
Nash map. 

The other one, say Nash Approximation Theorem II, is a global version of Artin 
Approximation Theorem on a compact Nash manifold. 

Theorem. (Nash Approximation Theorem 11, [C-R-Si]) Given a Nash function F 
on Ml X M2 for a compact Nash manifold Mi and a Nash manifold M2, and an 
analytic map f : Mi — M2 with F{x,f{x)) = for x G Mi, then there exists a 
Nash approximation f : Mi — >• M2 of f in the C°° topology such that F{x, f{x)) — 
for x e Ml. 

1.3. Manifolds with corners. 

Manifolds with corners appear naturally in the study of functions with only 
normal crossing singularities. A manifold with corners is locally given by charts 
diffeomorphic to [0, 00)^ x R""*^. In this paper we will consider analytic manifold 
with corners as well as Nash ones. We refer to [K-S] for basics about manifolds 
with corners. 

The definition of the canonical stratification for manifolds can be naturally ex- 
tended to the boundary of an analytic manifold with corners. However, concerning 
the notions of singularity and normal crossings, we really need to adapt the defini- 
tions. 

Definition 1.3. Let / be an analytic function on analytic manifold with corners 
M. We say / is singular at a point xq of dM if the restriction of / to the stratum 
of the canonical stratification of dM containing xq is singular at xq. 

Note in particular that with such a definition, / is singular at points of the 
stratum of dimension of the canonical stratification of dM. This remark will be 
of importance when dealing with proofs by induction. 

To define a function with only normal crossing singularities on a manifold with 
corners M, we need to extend M beyond the corners. More precisely, we can 
construct an analytic manifold M' which contains M and is of the same dimension 
by extending a locally finite system of analytic local coordinate neighborhoods of 
M. We call M' an analytic manifold extension of M. In the same way, shrinking 
M' if necessary we obtain a normal crossing analytic subset X of M' such that 
IntM is a union of some connected components of M' — X, and / is extended to 
an analytic function /' on M'. 

Definition 1.4. We say that / has only normal crossing singularities if /|intM 
does so and if the germ of (/ — f{xo))(p cit each point Xq of X has only normal 
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Now we can define, similarly to the case without corners, a normal crossing 
analytic subset of M and a normal crossing sheaf of O-ideals on M. 

In the Nash case, we define analogously a Nash manifold extension of a Nash 
manifold with corners, a Nash function with only normal crossing singularities on 
a Nash manifold with corners, a normal crossing Nash subset of M and a normal 
crossing sheaf of jV- ideals on M. 

2. Preliminaries 

We dedicate this section to some remainder on real analytic sheaf theory, and 
prove similar statements in the Nash case that will be of importance in next sections. 
We finish with an overview of the different topologies on spaces of functions we will 
make use in that paper, in order to explain the major differences between them. 

2.1. Real analytic sheaves. 

In this subsection, we deal with the real analytic case of Cartan Theorems A 
and B, and Oka Theorem. 

Let O and N denote, respectively, the sheaves of analytic and Nash function 
germs on an analytic and Nash manifold and let N{M) denote the ring of Nash 
functions on a Nash manifold M. We write Om and Mm when we emphasize the 
domain M. Let fx, X^, and Aix denote the germs of / and X at a point x of 
M, the tangent vector assigned to x by and the stalk of at x for a function / 
on an analytic (Nash) manifold M, a subset X of M, a, vector field v on M and for 
a sheaf of O- (jV-) modules A4 on M, respectively. For a compact semialgebraic 
subset X of a Nash manifold M, let M{X) denote the germs of Nash functions on X 
in M, with the topology of the inductive limit space of the topological spaces N{U) 
endowed with the compact-open C°° topology, where U runs through the family of 
open semialgebraic neighborhoods of X in M. In the same way, we define 0{X) for 
a compact semianalytic subset X of an analytic manifold M. Here a semianalytic 
subset is a subset whose germ at each point of M is described by finitely many 
equalities and inequalities of analytic function germs. 

Theorem 2.1. ( Cartan Theorem A ) Let M. he a coherent sheaf of O-modules on an 
analytic manifold M. Then for any x e M, the germ Aix is equal to H^{M, M.)Ox- 

See [G-R] for Cartan Theorems A and B in the complex case and [Ca] for the 
real case. Next corollary will be useful in this paper. It deals with the case where 
the number of local generators is uniformly bounded. 

Corollary 2.2. In theorem 2.1, assume that M.x is generated by a uniform number 
of elements for any x in M . Then H^{M, M.) is finitely generated as a H^{M, O)- 
module. 

The corollary is proved in [Co] in the complex case. The real case follows from 
a complexification of Ai as in [Ca] . 

Theorem 2.3. (Cartan Theorem B) Let Ai be a coherent sheaf of O-modules on 
an analytic manifold M. Then H^{M,A4) is equal to zero. 

Corollary 2.4. Let M be an analytic manifold and X <Z M be a global analytic 
set — the zero set of an analytic function. Let X be a coherent sheaf of O -ideals on 

i\/r „^.„u j-U^j. -t „-f-7- ^„u„„ V rpu -P ^ zjO^n/r /n /t\ „ u„ 
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extended to some F e C"^(M), i.e., f is the image of F under the natural map 
H^{M, O) H^{M, O/X). 

If X is norm,al crossing, we can choose X to he the function germs vanishing on 
X . Then H^\M, O/X) consists of functions on X whose germs at each point of X 
are extensible to analytic function germs on M. 

Corollary 2.4 follows from theorem 2.3 by considering the exact sequence — > 
X^O^X/O. 

Theorem 2.5. (Oka Theorem) Let M.i and M.2 be coherent sheaves of O-modules 
on an analytic manifold M , and h : A4i ^ Ai2 be an O-homomorphism. Then 
Ker h is a coherent sheaf of O-modules. 

See [G-R] in the complex case. The real case follows from complexification [Ca] 
of M, A4i,A^2 and h. 

2.2. Nash sheaves. 

In this subsection M stands for a Nash manifold. A sheaf of A/"-modules M. 
on M is called finite if for some finite open semialgebraic covering {Ui} of M and 
for each i there exists an exact sequence jV""^* | Ui — ^ A^"'* I Ui — ^ M. \ Ui — * of 
jV-homomorphisms, with mi,ni G N. Non-finite examples are the sheaf of jV-ideals 
T on R of germs vanishing on Z and M /X. 

Theorem 2.6. (Nash case of Oka Theorem) Let h be an M -homomorphism between 
finite sheaves of M -modules on a Nash manifold. Then Ker h is finite. 

Proof. Let /?, : A^i ^ 7Vf2 be such a homomorphism on a Nash manifold M. There 
exists a finite open semialgebraic covering {Ui} of M such that M.j\ui, forj = 1, 2, 
satisfy the condition of exact sequence in the definition of a finite sheaf. Therefore it 
suffices to prove the theorem on each Ui. Now we may assume that for j — 1,2, 
are generated by global cross-sections ai,...,ani and /J^ai respectively, and 

there are Nash maps 71,..., 7^3 G N{M)^^ which are generators of the kernel of 
the surjective AA-homomorphism p : A/""^ D J\f^^ 3 (/)n2) — ^ S"=i </'iAa: £ 

M.2x C M.2, X e M. Let ai, denote the images of ai, ...jCCm in H^{M,M.2) 

under the homomorphism : H^{M, A4i) — > H^{M, A42) induced by h. 

We prove the theorem by induction on 77,2. For n2 = 1, there exist ai, a^ii ^ 
H^\M,J\f) such that p^{dLi) = ai, for i = l,...,ni because the application p^ : 
H^{M,X) H^{M,M2) is surjective by theorem 2.8 for Mi ^ Af ([C-R-Si] and 
[C-S3] ). Let 5i, e N{M)'^^ be generators of the kernel of the surjective ho- 
momorphism A/""! D A4"i 9 ^ YJ^U4>i(^ix e Mia^ c Mx, x e M 
(we choose the above {Ui} so that ^i,...,^^^ exist). Multiplying ai,ai,ai, "fi 
and 6i by a small positive Nash function, we can assume by the Lojasiewicz in- 
equality that the Nash maps Aj, 7i and Si are bounded. Then by Proposition 
VL2.8 in [S2] we can regard M as the interior of a compact Nash manifold possi- 
bly with corners M and the maps as the restrictions to M of Nash maps a^, 7^ 
and 5i on M. Replace A4i and A^2 by the sheaves of A/'-modulcs on M given by 
A/'"'V(^i5 •■■7 ^n4)A/'"^ andA/'/(7i, ...,%^)Af, respectively, and replace /i : Mi M2 
with the AA-homomorphism h : Mi — > M2 defined by 

~ i 
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Then it suffices to see that Ker h is finite. Hence we assume from the beginning that 
M is a compact Nash manifold possibly with corners. Then Ker h is isomorphic to 

®JV(M) Ker/i* by Theorem 5.2 in [C-R-Si]. Hence Ker h is finite. 

Let 72-2 > 1 and assume that the theorem holds for n2 — 1. Let Aio denote the 
sheaf of AT-ideals with Mqx = {0}. Set M3 — M2/p{M x Mo x • • • x Mq) and 
let /i3 : M.I — > AI3 denote the composite of h with the projection from M.2 to 
Mz- Then is generated by the images /?2, /^na of /52, /^na, and 7i> Tns ^ 
N{M)^^~^ are generators of the kernel of the jV'-homomorphism 

n2 — 1 

where 7^ = (7^,1, ...,7i,n2) = (7i,i'7i): foi" ^ = 1> ■■■^^z- Hence A^a is finite, and by 
induction hypothesis Ker/ia is finite. Consider /i|Ker/i3 : Ker/13 — A^2- The image 
is contained in •p{M x M.q x • • • x AIq) which is isomorphic to (KerpU jV' x Alo x 
■ ■ ■ X Alo)/Kerp and then to AT x x ■ ■ ■ x A<o/(Kerp fl A/" x Mq x ■ ■ ■ A^o)- 
Hence we can regard h \ Ker hz as an A/'-homomorphism from Ker /i3 to A/" x q x 
• • • X A4o/(Kerp fl A/" x M.^ x ■ ■ • A^o)- In order to achieve the proof, we need to 
prove that Kerp n A/" x A4o x • • • A4o is finite. Define a sheaf of A/'-submodules M. 
of A^"3 on M by 

= {(0i,-,0n3) e-AC' : J] '^^^^'J'^ = °' i = 2,...,^2}. 

i=l 

Then it suffices to see that M. is finite because Kerp nA/'xA/IoX---xA4ois 
the image of M. under the A/'-homomorphism : A/""^ D A/"^^ 9 (pm) 
(E^=l0^7^,lx,O,...,O) e Ar^x{0}x---x{0} C A/'xA/(oX---xA/to, xeM. On the 
other hand, if we define an A/'-homomorphism r : N"^^ M^^~^ by r((^i, (^^3) = 
(Er=i (t)^l^,2x, Er=i '/'^7^,n2x) for ...,(/)n3) ^ AT^^ , X G M, then Kerr = M. 
As in the case of n2 = 1 we reduce the problem to the case where 7ij- are bounded 
and then M is a compact Nash manifold possibly with corners. Then Ker r is finite 
by Theorem 5.2 in [C-R-Si]. 

Thus KerpflA/'x A/io x ■ ■ ■ x M.q is finite. We can regard it as a sheaf of AA-ideals. 
Hence by the result in case of n2 = 1, Ker Ker/13) = Ker/i is finite. □ 

The following two theorems do not hold for general sheaves of A/'-modules, [Hu] , 
[B-C-R] and VI.2.10 in [S2]. However, our case is sufficient for the applications we 
have in mind in this paper. 

Theorem 2.7. (Nash case of Cartan Theorem A) Let M. he a finite sheaf of M- 
suhmodules of Af^ on a Nash manifold M for n > e N. Then M. is finitely 
generated by its global cross-sections. 

Proof. We assume that n > 1 and proceed by induction on n. Let p : A/'"' 

denote the projection forgetting the first factor, and set M.i = Ker p\m and 
A42 = Imp|^. Then the sequence — > Mi M M2 — *• is exact, 
we can regard Mi as a sheaf of AA-ideals, which is finite by theorem 2.6, and M2 
is clearly a finite sheaf of A/'-submodules of M^~^ . By induction hypothesis we 
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/i, ...,fk e H^{M,M) such that p2*(/i) ^ Qi, i = 1, A; because /i, ...,fk, hi, ...,hi 
are generators of M.. 

Fix i. Since H^{M,M) C iV(M)^ and H^{M,M2) C 7V(M)'^-i, setting 
fifi = (fi'i,2, ■■■,9i,n) we construct gfij G A^(M) such that {gi^i, ...,gi,n) e H^{M,M). 
For each a; e M, the set — {<P ^ : {4^^ 9ix) G A^x} is a residue class of 
Afx modulo A^ix, and the correspondence ^> : a; — > is a global cross-section 
of M/M.\. Actually, it suffices to check it on each member of a finite open 
semialgebraic covering of M, we assume that Ai is generated by global cross- 
sections ai = (ai,i,...,ai,n),---,Q!fc' = (afc',1, aA;',n) e N{MY. Then a'^ = 
(ai,2, ai,n), ttfc/ = {ak',2, ■■■,ak',n) are also generators of M2- Let M3 de- 
note the kernel of the A/'-homomorphism J\f'^ D A/"^ "'"^ 3 {(pi, (pk'+i) 
Ejli </'j«ja; - (Pk'+i9ix e A/"^"^ C A/'''"^ a; e M. Then AI3 is finite by theorem 
2.6, and each stalk Msx contains a germ of the form (0i, 0^/, 1). Hence refining 
the covering if necessary, we assume that AI3 is generated by a finite number of 
global cross-sections. Then we have Pi, ...,Pk' £ N(M) such that gi = Yl'j=i PjOi'j- 
It follows $ = Yl'j=i ^j'^jA All- Thus $ is a global cross-section. 

Apply the next theorem to the projection J\f Af/Mi and $. Then there exists 
fifj,! e N{M) such that gi^ix = mod Mix for a; e M and hence {gi^i, ...,gi,n) e 
H^{M,M). □ 

Theorem 2.8. (Nash case of Cartan Theorem B) Let h : Aii ^ M.2 be a surjective 
M -homomorphism between finite sheaves of M -modules on a Nash manifold M . 
Assume that M.i is finitely generated by its global cross-sections. Then the induced 
map K •■ -H"°(M, A4i) H^{M,M2) is surjective. 

Proof. We can assume that M.i — A/""^ for some n > e N because there exist 
global generators gi, ■■■,gn of A^i and then we can replace h with the surjective 
homomorphism A^" D A/"^ 9 (01, ...,0n) ^ h(J27=i ^i9ix) e M2X C M2, x e M. 
Set Ai = Ker h. Then by theorem 2.6, Al is a finite sheaf of A/'-submodules of A/'"', 
and h : Af"^ ^ Ai2 coincides with the projection p : Af'^ — > Af'^/Ai. Hence we 
consider p in place of h. Assume that n > 1 and the theorem holds for smaller n. 

Let / e H^{M,M''/M). We need to find g e H^{M,N'') = N{M)'^ such that 
P*{9) = /• Let A4o denote the sheaf of A/'-ideals with A4ox = {0} for x e M. Then 
the homomorphism A4o x Af'^~^ Af^ /{Ai Af x Aio x ■ ■ ■ x A^o) is surjective 
and we can regard it as the projection Af'^~^ Af^~'^ / C for some finite sheaf of A/'- 
submodules C oi Af^~^ . Hence by induction hypothesis there exists (0, (72, ■■■,gn) £ 
H^{M, MoxAf"-^) whose image in H^{M,Af''/{M-\-AfxMoX- ■■xMq)) coincides 
with the image of / there. Replace / with the difference of / and the image of 
(0, (72, ■■■,gn) in {M , Af'^ / Ai) . Then we can assume from the beginning that / e 
H^{M, {Ai +N'x MqX ■ ■ ■ X Aio) /Ai). Hence we regard / as a global cross-section 
of A/'x A^ox - • •xA<o/(A1nA/'xA1ox - ■ - x A^o) since {Ai-\-AfxA4ox - ■ ■xA4o)/A4 
is naturally isomorphic to A/" x Mo x • • • x Alo/(A^ n A/" x Mo x ■ ■ ■ x Mq). It was 
shown in the proof of theorem 2.6 that M r\Af x Mo x • • • x Mq is finite. Hence / is 
the image of some global cross-section gofAfx Mq x ■ ■ - x Mq under the projection 
H^{M,AfxMox---xMo) H^{M,AfxMoX- ■ ■xMo/{Mr]AfxMox- ■ -xMo)) 
because this is the case of Mi — Af in the theorem. Then = /. □ 

Let X be a Nash subset of R"^ and /i, /fc be generators of the ideal of A^(R"^) 
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matrix rank of /i, is smaller than codimX. Let a complexification X of X 
in be defined to be the common zero set of some complexifications f^,---,f^ 
of /i, fk- Then by Lemma 1.9 and Theorem 1.10 in [C-R-S2] and theorem 2.7, 
we obtain the next remark. 

Remark. SingX is the smallest Nash subset of X whose complement is a Nash 
manifold. But it does not coincide in general with points in X where the germ 
of X is not a Nash manifold germ of dimX. Moreover SingX is also equal to 
X n SingX*-^, where SingX*-^ denotes the singular point set of X^. 

We deduce from [Hi] a Nash version of Hironaka Desingularization Theorem that 
will be useful in our context. 

Theorem 2.9. (Nash case of Main Theorem I of [Hi]) Let X be a Nash subset of 
R". Then there exists a finite sequence of blowings-up Xj. • • • Xq = X 
along smooth Nash centers Ci C Xj, i = l,...,r — 1, such that Xj. is smooth and 
Ci C SingXj. 

Proof. Since A'"(R"') is a Noetherian ring ([E] and [Ri]), we have generators /i, fk 
of the ideal of Ar(R") of functions vanishing on X. Set F = which 
is a Nash map from R" to R'^, and Y = graph F. Let denote the Zariski 
closure of Y in R*^ x R'^ and let Y^ C R" x R^ x R"^ be an algebraic set such 
that the restriction p to Y^ of the projection R"^ x R'^ x R" — > R"^ x R^ is the 
normalization of Y^ (we simply call Y^ the normalization of Y^). Then by Artin- 
Mazur Theorem (see Theorem 1.5.1 in [S2]) there exists a connected component 
L of Y^ consisting of only regular points such that p{L) = Y and p\l : L ^ Y 
is a Nash diffeomorphism. Let qi : Y^ —>■ R" and q2 : Y^ denote the 

restrictions to Y^ of the projections R"' x R*^ x R"'' R"' and R"' x R*^ x R"' 
R'^, respectively. Then qi\L is a Nash diffeomorphism onto R"', the set q^^i^) is 
algebraic, the equality {qi\L)~^{X) = {q2\L)~^{0) holds, and (gi |L)~^(Sing X) is 
equal to the intersection of L with the algebraic singular point set of g^^(O). Indeed, 
(9i|L)~^(SingX) is contained in the above intersection because (gil^)"^ (SingX) 
is the smallest Nash subset of (qi|l)~^(X) (= (g2|L)~^(0)) whose complement is 
a Nash manifold (by the remark before theorem 2.9), and the converse inclusion 
follows from the equality q2 = Foqi on L. Hence we can replace X by Lng^''^(0) — 
the union of some connected components of (0). By Main Theorem I there exists 

a finite sequence of blowings-up X^ ■ ■ ■ -—^ Xq = g^^(O) along smooth algebraic 
centers Ci C X^, for i = 0, ...,r — 1, such that X^ is smooth and Ci C SingXj. Then 
Xr n (tti o • • • o 7!:j.)~^(L) Xq fl L fulfiUs the requirements. □ 

A sheaf of A/"- ( (9-) ideals on a Nash (analytic) manifold M is called normal cross- 
ing if there exists a local Nash (analytic) coordinate system (xi, ...,a;„) of M at 
each point such that the stalk of the sheaf is generated by HlLi some 

(«!,...,«„) e N". 

Theorem 2.10. (Nash case of Main Theorem II of [Hi]) Let M he a Nash manifold 
and let X\ and X2 he finite sheaves of non-zero H-ideals on M . Assume that X2 
is normal crossing. Then there exists a finite sequence of hlowings-up 
• ■ ■ — Mq = M along smooth Nash centers Ci C Mi, for i = l,...,r — 1, such 

-i.u„-t i— ^ ^— 1-7- -7- kC „ .z, ™„; „ 
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(tti o • • • o TTi)~^{suppJ\fM/l2) U U]^i(7rj o • • • o 71^) ~^ (Cj_i ) and tti o • • • o -KiiCi) is 
contained in the subset of M consisting of x such that even Iix is not generated by 
any power of one regular function germ or Iix + l2x 7^ ■N'x- 

Note that (tti o • • • o 7ri)~^X2J^Mi, for z = 1, r, are normal crossing. 

Proof. Let /i,...,/a;' G A^(R") and fk'+iT---ifk ^ A^(R"^) be global generators of 
Ti and I2 (theorem 2.7), respectively, and define F,Y,Y^ ,L,qi : R" 

and q2 : Y^ R'^ as in the last proof. Let W be the subset of Y^ consisting 
of points where fk'+i ° Qi, fk ° Qi do not generate a normal crossing sheaf of 
A/'-ideals. Consider the algebraic R-scheme of the topological underlying space 

Y^ — Sing Y^ — W , and let Ji and J2 denote the sheaf of ideals of the scheme 
generated by /i o gi, /^z o gi and by /fc'+i o g^, ...,/;. o gi, respectively. Then we 
can replace M,Xi and X2 with the scheme, Ji and J2. Hence the theorem follows 
from Main Theorem IL □ 

Remark. Note that main Theorems I and II of [Hi] state some additional conditions 
that are automatically satisfied in the Nash case. 

2.3. Topologies on function spaces. 

Let M be a C°° manifold. We use three kinds of topologies on C°°{M) as a 
topological linear space. 

The first is the classical compact-open topology, r = 0, ...,00, for which 
C°°(M) is a Frechet space ii r — 00. 

The second is the Whitney topology., r = 0, 00. Even if it is well-known, we 
recall its definition because we will define the third topology below by comparison 
with it. If M = R"^, then a system of open neighborhoods of the zero function in 
C^{M) is given by 

Ur',g^ = {/ e C~(R") : \D°^f{x)\ < g^ix), a e N", |«| < r} 

where r' runs in {m G N : m < r} and runs in C°°(R"^) with g^ > everywhere 
for each a e N"^ with |q;| < r'. If M is an open subset of R"^, we define the 
topology on C°°{M) in the same way. In general, embed M in some R" and let 
p : V ^ M he the orthogonal projection of a tubular neighborhood of M in R". 
Then p induces an injective linear map C°°(M) 3 f ^ f op ^ C°°{V) whose image 
is closed in C'^{V) in the Whitney topology. Hence C°°(M) inherits a topology 
as a closed subspace of C°°{V). We call it the Whitney topology. 

The strong Whitney C°° topology is the third topology which we will consider. 
Assume first that M = R", and let get be a positive- valued C°° function on R"^ 
and Kct be a compact subset of R"^ for each a G N"^ such that {R"^ — Ka} is locally 
finite. Set g = [go) a and K = (i^Q,)^. Then a system of open neighborhoods of 
the zero function in C°°(R") is given by the family of sets 

Ug,a = {/ e C°°(R") : \D''fix)\ < g^{x) for a; G R" - K« for « G N"} 

for all g and K. We define the strong Whitney C°° topology on a general manifold 
M in the same way as in the case of the Whitney C°° topology. Moreover, we 
shall need to consider C°° functions on an analytic set and the strong Whitney 
C°° topology on the space. To this aim, we use another equivalent definition of the 

J- 1 — T „j- ( T\j ^ u„ „ „„™ .i- r^oo „,,U™ ;f„ij„ tkj ;ui 



10 



GOULWEN FICHOU AND MASAHIRO SHIOTA 



boundary such that {Int Mi} is a locally finite covering of M. Regard C°°(M) as a 
subset of 11/ C°°{Mi) by the injective map C°°(M) 3 f ^ Ui f\Mi e Hi C°°{Mi). 
Then the family of sets C°°(M) n UiOi is the system of open sets of C°°{M), 
where Oi are open subsets of C°°(M;) in the C°° topology. Note that the product 
topology of Yli C°°{Mi) induces the compact-open C°° topology. 

For an analytic manifold M, we endow C^{M) with the three topologies in the 
same way, and we extend naturally the definition of the topologies to the spaces of 
C°° or C"^ maps between C~ or C manifolds. 

Remark 2.11. The first three remarks explain essential differences between the three 
topologies. 

(1) The compact-open topology, the Whitney C°° topology and the strong 
Whitney topology coincide if M is compact. 

(2) The strong Whitney C°° topology is stronger than the Whitney C°° topology 
if M is not compact. 

(3) C°°(M) is not a Frcchet space in the Whitney C" topology nor the strong 
Whitney topology if M is not compact. Indeed, it is even not metrizable. 

The following remarks will be useful in the sequel. 

(4) Whitney Approximation Theorem — any C°° function on an analytic manifold 
is approximated by a C"^ function — holds also in any of these topologies (see [W]). 

Finally, an advantage of the strong Whitney C°° topology is that we can reduce 
many global problems to local problems using partition of unity. 

(5) Let {</>i} be a partition of unity of class C°° on M. Then for a neighborhood 
U of in C°° (M) in the strong Whitney C°° topology there exists another V such 
that if / e y then (f)if e U for all i and conversely if (pif eV for all i then f E U. 

Let M be a Nash manifold. We give a topology on N{M), called the semial- 
gebraic C" topology, r = 0, ...,oo, so that a system of open neighborhoods of in 
N{M) is given by the family Ur',g^ defined in the above definition of the Whitney 
topology, where runs here in N{M) only. If r = oo, we call it the Nash 
topology. For r < oo, let N^{M) denote the space of semialgebraic functions on 
M. We define semialgebraic topology on N'^[M) for r' < r in the same way. 
We do not need the analog on N{M) of the strong Whitney C°° topology. When 
M is not compact, it is the discrete topology by Proposition VI. 2. 8, [S2] and next 
remark. A partition of unity of class semialgebraic , r G N, on M is a finite 
family of non-negative semialgebraic functions on M whose sum equals 1. 

Remark 2.11,(5)' . Let r' < r G N, and let {4>i} be a partition of unity of class 
semialgebraic C on M. Then for a neighborhood t/ of in N'^{M) in the 
topology there exists a neighborhood of in N'^[M) such that if f E V then 
(l)if E U for all i and conversely if 0j/ G F for all i then f E U. 

The reason is that {4>i} is a finite family and the map N^{M) 3 f ^ cpif G 
N'^{M) is continuous for each i by lemma II. 1.6, [S2], which states that N'^{M) and 
N{M) are topological rings in the semialgebraic topology. 

We need also the following lemma many times. 

Lemma 2.12. Let M be an analytic manifold and ^1, be analytic functions 
on M. Then the maps : C°°(M)' 3 {hi,..., hi) YlLi^i^i E ELiCiC°°W 
and S'^ : C"^(M)^ 9 {hi, hi) -> J^Li ^r^z e ELi ) are open in both the 

„„™ .-I. /^oo J. ; 7 j.u„ „-t jxru^j. /^oo j. ; 
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Note that in the case 1 = 1, the lemma is much easier to prove because the 
involved maps are injective. Moreover, the lemma does not necessarily hold in the 
Whitney C°° topology. This is one reason why we need to have recourse to the 
strong Whitney C°° topology in the paper. 

Proof. Consider S°° in the compact-open C°° topology. It is well-known that the 
ideal of C°°{M) generated by a finite number of analytic functions is closed in 
C°^{M) in any of the topologies (which follows from Theorems III. 4. 9 and 
VI.1.1', [Ml]). In particular ^^^^^iC°°(M) is a Frechet space in the compact-open 
C°° topology, and is open by the open mapping theorem on Frechet spaces. 
Note that the above proof is still valid in the case of an analytic manifold with 
corners. 

Consider in the strong Whitney C°° topology. Let Mj be compact C"^ 
submanifolds of M with boundary such that {IntMj} is a locally finite covering of 
M. Let {4>j} be a partition of unity of class subordinate to {Int Mj}. As shown 
above, the map C°°(M,)' 3 {hi,..., hi) ELlC^\M,h, e ELi ^dM,C°"(M,) is 
open for each j. Hence for each h = {hi, hi) G C°°(M)' and g E CiC°°{M) 
sufficiently close to Ei=i ^i^i in the strong Whitney C°° topology there exist gj = 
i9i,j,-i9l,j) e C°°(M,)' close to /i|m,- such that ELiCi|M,-^ij = ^|m,- for any j. 
Then J2j ^j9j is a well-defined C°° map from M to R' and close to h by remark 

2.11,(5), and J2\=i 6 J2j 4>jgi,j = Z)j = 9- Thus is also open in the strong 
Whitney C°° topology. 

We finally consider S'^ only in the strong Whitney C°° topology (the proof is 
similar, and even easier, in the compact-open C°° topology). Let {hi,..., hi) G 
C^{My such that Ei=i ^i^i small. Then, by openness of there exists small 

{h\, h'l) e C°"(M)' such that E1=i ^th'i = EUi ^i^i and hence {hi - h[, hi - 
h'l) e KerS°°. Therefore, it suffices to see that KerS'^ is dense in KerS°°. Let 
H = {hi, hi) e Ker We want to approximate H by an element of KerS'^. 

Let J' denote the kernel of the homomorphism : D 9 {(j)i, ...,4>i) —>■ 
Ei=i ^iafpi E Oa C O, G M, which is a coherent sheaf of 0-submodules of 
O'' by theorem 2.5. Let and be Stein and coherent complexifications of 
M and which are complex conjugation preserving. Let {Ui} be a locally finite 
open covering of such that each Ui is compact. Let Hij = {hi^ij, ...,hi^ij), 
for j = l,...,ni, i — 1,2,..., be global cross-sections of such that Hij\M are 
real valued and if^^i, if^^^. generate J'^ on Ui (theorem 2.1) for each i. Then 
Hi,i\uinM, ■■■,Hi^n,\uinM are generators of Ker E:°°|c/,nM- Actually, by Theorem 
VI, 1.1' in [Ml] it is equivalent to prove that Ker = JF^ Ker S^, a E Ui, where J^a is 
the completion of Oa in the p-adic topology and the homomorphisms : — > Oa 
and Ea '■ J-^ ^ are naturally defined. However, this condition is the flatness 
of Ta over Oa, which is well-known (see [Ml]). Thus -ffi,i|[/,nM, -ffi,nJ[/inM 
generate Ker S°°|[/.nM- Let {pj} be a partition of unity of class C°° subordinate 
to {Ui n M}. Then piE. e Ker S°°|[/.nM and we have C°° functions Xi,i on M, for 
2 = 1, Ui, 1 = 1,2, such that suppxij C t/^ nM and piH = YTjLi Xi,jHi^j\M- 
By remark 2.11,(4) we can approximate Xi,j by analytic functions x'ij- Moreover, 
as in [W] we can approximate so that each Xi j can be complexified to a complex 

analytic function Xi^ on and Ei j WPjHi.j \ is locally uniformly bounded. Then 
,,/CiT ;„ „ — ™ — r ™ A/tC i-^ r^l — a — +^ A/T 
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is both an approximation of H and an element of Ker S'^. Thus S'^ is open. □ 

Lemma 2.12 holds in the Nash case for a compact Nash manifold. However, we 
do not know whether lemma 2.12 still holds for a non-compact Nash manifold. Con- 
sequently, we have recourse many times in this paper to compactification arguments 
that require much care to deal with. 

3. Equivalence of normal crossing functions 

3.1. On C°° equivalence of analytic functions with only normal crossing 
singularities. 

Let us compare and C°° right equivalences of two analytic functions on an 
analytic manifold. The right equivalence is easier to check. The right 
equivalence implies the latter. However the converse is not necessarily true. We 
will show that this is the case for analytic functions with only normal crossing 
singularities, and apply the fact to the proof of the main theorem 3.2. 

The main theorem of this section is 

Theorem 3.1. (1) Let M be a manifold and f,g e C"^(M). Assume that f 
and g admit only normal crossing singularities. If f is C°° right equivalent to g, 
then f is right equivalent to g. 

(2) If C°° functions f and g on a C°° manifold M admit only normal cross- 
ing singularities and are proper and right equivalent, then they are C°° right 
equivalent. 

(3) If f and g are semialgebraically right equivalent Nash functions on a 
Nash manifold M with only normal crossing singularities, then they are Nash right 
equivalent. 

The case where M has corners also holds. 

Remark, (i) The germ case is also of interest. Let M, / and g be the same as in 
above (1). Let be a diffeomorphism of M such that / = go(f). Set X — Sing / 
and Y = Sing^, and let {Xi} and {y^} be the irreducible analytic components of X 
and Y, respectively. Let A and B be the unions of some intersections of some Xi and 
Yi, respectively. Assume that (piA) = B. Then we can choose a diffeomorphism 
TT SO that f = g o -K and 7r(A) = B. Consequently, theorem 3.1,(1) holds for the 
germs of / on A and g on B. Similar statements for (2) and (3) hold. 

(ii) In the Nash case, C°° right equivalence does not imply Nash right equiv- 
alence. Indeed, let AT be a compact contractible Nash manifold with non-simply 
connected boundary of dimension n > 3 (e.g., see [Mz]). Set M = (Int A^) x (0, 1) 
and let / : M — s> (0, 1) denote the projection. Then M and / are of class Nash, 
and M is Nash diffeomorphic to R"^"'"^. Actually, smooth the corners of N x [0, 1]. 
Then A" x [0, 1] is a compact contractible Nash manifold with simply connected 
boundary of dimension strictly more than four. Hence by the positive answers to 
Poincare conjecture and Schonflies problem (Brown-Mazur Theorem) A^ x [0, 1] is 
C°° diffeomorphic to an (n -|- l)-ball. Hence by Theorem VI. 2. 2 in [S2] M is Nash 
diffeomorphic to an open (n -|- l)-ball. Let g : M ^ H he a, Nash function which 
is Nash right equivalent to the projection R"^ x (0, 1) (0, 1). Then / and g are 
right equivalent since Int A" is diffeomorphic to R", but they are not Nash 
equivalent because Int A" and R" are not Nash diffeomorphic, by Theorem VI 2.2 

;„ rc 1 
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For the proof of part (2) and (3) of the theorem, we need to prepare some material 
in next part. Therefore we postpone their proof to the last part of the paper. 

Proof of theorem 3.1,(1). In this proof we apply the strong Whitney C°° topology 
unless otherwise specified. The idea of the proof is taken from [Si]. Let us consider 
the case without corners. The proof is divided into three steps. Denote by X 
and Y the extended critical sets of / and g, that is X = /~^(/(Sing /)) and 
Y = g~^{g{Smgg)). Note that X and Y are not necessarily analytic sets. Let 
M be analytic and closed in the ambient Euclidean space R-^, and consider the 
Riemannian metric on M induced from that of R^. Set n = dimM. 

Step 1. Assume that X is an analytic set. Let denote a C°° diffeomorphism of 
M such that f = g o (j). Then there exists a diffeomorphism tt of M arbitrarily 
close to (f) such that 7r(X) = Y. 

Proof of step 1. Let {X, : i = 0, ...,n — 1} and {Yi : i = 1, ...,n — 1} be 
the canonical stratifications of X and Y respectively, and put X^ = M — X and 
Yn^M-Y. 

Before beginning the proof, we give some definitions and a remark. Fix Xj. Let 
{M/} be a family of compact C°° manifolds of dimension i possibly with boundary 
such that {IntM;} is a locally finite covering of U^^gXj. A function on U^-^g^j is 
called of class C°° if its restriction to each Mi is of class C°°. Thus C°°(U*^QXj) is 
a subset of Hz C°^{Mi). We give to C^iVf^^^Xj) the product topology of the C°° 
topology on each C°^{Mi), i.e. the compact-open C°° topology. We give also the 
strong Whitney C°° topology on C°°(U*-^qXj) in the same way. Then lemma 2.12 
holds for the map C°°(u5=o^j) ^ / ^ ^Iu^.^qX,/ e C'°°(U}=o^j) ^r an analytic 
function /i on M, which is proved in the same way. We will use this generalized 
version of the lemma below. 

Let X' be a normal-crossing C"^ subset of M contained in X. Assume that the 
sheaf of C-ideals on M defined by X' is generated by a single function ^ on M. 
Let V denote the subspace of C°°(U*^QXj) consisting of functions which vanish on 
X'. Then V = ^C°°(u5^o^j) by Theorem VI,3.10 in [Ml]. We will use this remark 
later in this proof. 

Now we begin the proof. By induction, for some z G N, assume that we have 
constructed a C°° diffeomorphism Tii-i of M close to (f) such that 7ri_i|ui-i^ is 

of class (in the sense that 7rj_i G Y\iC^ [Mi]) and 7ri_i(Xj) = Yj for 

any j. Let Ai denote the sheaf of O-ideals on M defined by U*~QXj, which is 
coherent because X is normal-crossing. Then 7ri_i|^^i-i^. G H^{M,0/M.)^ for 
the following reason. As the problem is local, we can assume that M = R" and 
X = {{xi, ...,Xn) G R" : Xi---Xn' = 0} for some n' < n G N. Moreover, we 
suppose that i — n because if for each irreducible analytic component E of U^^qXj 
we can extend Enu^r^x ■ analytic map on E then the extensions for 

all E define an analytic map from U^^gXj to R^, and hence it suffices to work 
on each E in place of R"^. Then what we see is that an analytic function on 
X — {{xi-i ■■■■iXn) G R" : Xi---Xn' = 0} is an element of i7°(M, namely, 
can be extensible to an analytic function on R" (corollary 2.4), where A4 is defined 
by X. We proceed by induction on n'. Since the statement is clear if n' = or 
n' = 1, assume that n' > 1 and that the restriction of / to {xi = 0} is extensible 

c, .i-: — -? — -on rpi r r\ ■ 1 — r„ nl ] 1 .„ ;„ 
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divisible by xi. Apply the induction hypothesis to (/ — f)/xi and {x2 ■ ■ ■ x^' = 0} 
and let / be an extension of {f — f)/xi. Then / + xif is the required extension of 
/• 

Consider any C"^ extension a : M — > R-^ of 7ri_i|^_|<-ij^. (corollary 2.4). Here we 

can choose a to be sufficiently close to iZi-i and so that Imct C M for the following 
reason. Let 71,..., 7/5 G C^{M) be generators of A4. (corollary 2.2). Then there 
exist 5i, dk G C°°(M, R^) such that tt^-i — a = X]j=i Ij^j by the above remark. 
Let 5j be approximations of 5j. Replace a with the composite of ci + X] Tj'^j 
the orthogonal projection of a neighborhood of M in R-^ to M. Then a satisfies 
the requirements. Let pj : Uj —>■ Yj be the orthogonal projection of a tubular 
neighborhood of Yj in R-'^. Here Uj is described as \Jy^Yj{x G R''^ : |a; — y| < 
e(y), (x — y) ± TyYj} for some positive C° function e on Yj where TyYj denotes the 
tangent space of Yj at y, and we can choose e so large that e{y) > eo dis(y, U-^~QY'fc) 
locally at each point of ^^.J^Yk for some positive number eo because Y is normal 
crossing. Then a can be so close to tt^-i that a{Xi) C Ui since a = Hi-i on U*~QXj 
and hence da^v = dT^i-i^v for any x G U^CqXj and for any tangent vector v at 
a; tangent to U]~QXj. Define tt^ on If-^^Xj to be o; on U*~qXj and o a on Xj. 
Note that tTj is a C"*^ map from W^-^^Xj to U^-^qFj C R''^ and close to 'Ki-i\^i_^Xj- 
Actually 7ri_i|ui_ x ~ P?°7i'i-i|u'._ x ^ind moreover since a is close to TTj-i, then 

p^o Q! on U^-^o^i (— ■^i) is close to o TTj-i on W^-^^Xj, where pi : Ui ^ U^-^qY^- is 
the natural extension of Pi. We need to extend tt^ to a C°° diffeomorphism of M 
which is close to tt^-i and carries each Xj to Yj. Compare tt^ ° ^i~-i\u^._^Yj the 
identity map of U*-^o^ - Then they are close each other and what we have to prove 
is the following statement: let r be a map between U^^qY, close to id. Then 
we can extend r to a diffeomorphism of M which is close to id and carries each 
Yj to Yj, j — i + 1, n. 

By the second induction, it suffices to extend r to a C°° map between U^igYj 
close to id. We reduce the problem to a trivial case. First it is enough to extend 
T to a C°° map from U^igY^- to R"^ close to id by virtue of p^-i-i : Ui+i Yi+i as 
above. Secondly, if we replace r with r — id lu^^yK, then the problem is that for a 
map T : U*^qY, R^ close to the zero map we can extend r to a map 
from U}to^j to R^ close to 0. Thirdly, we can assume that r is a function. Hence 
we can use a partition of unity of class and the problem becomes local (remark 
2.11,(5)). So we assume that M = R"', Y is the union of some irreducible analytic 
components of {yi ■ ■ - yn = 0} and r G C°°(U*-^q1^) is close to and vanishes on 
{y G U^^qY,- C R*^ : \y\ > 1}, where (yi,...,y„) G R'^. Let ^ be a C°° function 
on M such that ^ = 1 on {y G R"" : \y\ < 1} and ^ = on {\y\ > 2}. If n = 
or 1 we have nothing to do. Hence by the third induction on n, assume that we 
have a C°° extension Ti{y2, ...,yn) of ^l{yi=o}nuj.^oy,- to {yi = 0} fl U}toYj close 
to 0. Regard ti(|/2, ■■■,yn) as a C°° function on U*^q1^-, which is possible because 
UjioYj- is contained in the product of R and the image of {yi = 0} n If^^Yj under 
the projection R x R"'"-'^ — > R""^. Replace r with r — ti^, which vanishes on 
{yi = or \y\ > 2}nU*^oYj-. Next consider (T-TiO/yi|{y2=o}nu}^or, and apply the 
generalized lemma 2.12, the above remark and the same arguments as above. Then 
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and by the fourth induction to the case where r = on U*^oXj - Thus step 1 is 
proved. 

Step 2. Assume that X = Y, X is an analytic set and there exists a C°° diffeo- 
morphism (j) oi M such that f = g o cj). Then there exists a diffeomorphism tt 
of M close to (j) such that f = g ott. 

Proof of step 2. By step 1 there exists a diffeomorphism of M arbitrarily 
close to 4) such that 4>'{X) = X. Then / o = g o (p o (f)'~^ , f o ^'"^ is analytic 
and o is close to id. Hence we assume in step 2 that g is fixed and / and 
(f) can be chosen so that and f — g are arbitrarily close to id and respectively. 
We construct tt by integrating along a well-chosen vector field on M. There exist 
analytic vector fields Wi, ...,Wn on M which span the tangent space at each point 
of M, e.g., Wij; = dpx^—, X G M, where (xi, xn) ^ R-^ and p is the orthogonal 
projection of a tubular neighborhood of M in R^. Consider a vector field v — 
it + Ez^i a^^^* on M X [0, 1] where ai e C"^(M x [0, 1]) for i e {1, N}. Put 
F{x,t) = (1 - t)f{x)+tg{x) for {x,t) G M x [0, 1]. 

Assume that we have found such Oj, ^ = 1, AT, that v{F) = and | X^i^i 
is small. Then F is constant along integral curves of v, therefore, the flow of v 
furnishes an analytic diffeomorphism tt so that f = g o tt. 

Therefore, what we have to do is to construct the relevant ai, i E {1,...,N}. 
First look at the local case. We will show that there exist a compact neighborhood 
U of each point of M and e C"^(?7 x [0, 1]), i = 1, N, such that v{F) = on 
U X [0, 1] and | Xli^i is small. If the point is in X, we can write U = {x E 
: < 1}, g{x) — c = HlLi -^T /(^) ~ c = X{x){g{x) — c) for x E U, where 
c e R, A is a C"^ function on U and close to 1 by lemma 2.12, and at least one 
of ni's, say ni, is non-zero. Assume that c = without loss of generality. Then 
there exists v of the form ^ + bi§^, h e C^{U x [0, 1]), which satisfies v{F) = 0. 
Actually 

(1 - X)g{x) + h{x, t){m{t + (1 - t)X{x))^ + (1 - t)g{x)^^{x)) = 0, 

-{1-X{x))xi 

bi{x,t) = 



ni{t + (1 - t)X{x)) + (1 - t)xi^{x) ' 

which is an analytic function in U x [0, 1] and close to 0. Shrink U if necessary. 
Then for some < Zi < ■ ■ ■ < < A^, the vector fields Wi-^ , Wi^ span the tangent 
space there, and bi-^^ is described uniquely by Yl^=i ^ij'^ij some functions 
tti^. Hence ai., j — 1, n, and = 0, i ^ {ii, in}, fulfill the requirements. 

Next consider the situation at a point outside of X. Note that the values of / 
and g at the point may be different, and hence the above arguments do not work. 
We can choose its local coordinate system so that U — {x E R"' : |a;| < 1} and 
If^ = 1 on [/. Then 

h { A - / - fi' 
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and (1 — t) + 1-^ and f — g are close to 1 and 0, respectively. Hence there exist 
U and Qj'i ctS before. 

Consequently, using a partition of unity of class C°° we obtain a C°° vector field 
= ^ + J2iLi (^'i^i on M X [0, 1] such that v{F) = and | X^^i a'iWil is small 
(remark 2.11,(5)). 

Now, to construct the global analytic vector filed i? on M x [0, 1] we use Cartan 
Theorems A and B. Consider the sheaf of relations J" on M x [0, 1] defined by 

J = ^{x,t)eMx[o, i]{{f^, ai,.. . , QiTv) e ^{!j:tt) ' 

N 

f3{fx -9x) + J2 - + t9))ix,t) = 0}. 

i=l 

The sheaf J is a coherent sheaf of O-modules by Oka Theorem 2.5. Later we 
will find I e N and global cross-sections (6fc,ai,... ,a%) e H^{M x [0, 1], J"), 
A; G {1, . . . , /}, such that for any (x,t) G M x [0, 1], any vector field germ uj 
at (x, t) in M X [0, 1] with a;(F(a; t)) = is of the form X]a;=i ^kVk{x,t) for some 
function germs $,k at (x, t) in M x [0, 1], where Vk = ^fcfj + '^iLi of^'Wi- Assume the 
existence of such I and (6^,0^,... , a%). Then by the above method of construction 
of v' and by a partition of unity of class C°° there exist C°° functions 9^ on M such 
that v' = Y^k=i ^k^k- Approximate 9k by functions 9ki and set v = Ylk=i ^k^k- 
Then {; is a vector field close to v' such that F{v) = and is described by 
ctQ^ + YliLi (^i'^i^ ^ C^{M X [0, 1]), for the following reason. Let X denote the 
coherent sheaf of (9-submodules of the sheaf of O-modules of germs of vector 
fields on M X [0, 1] defined by 

= {a; : a;(F(^,t)) = 0} for {x,t) G M x [0, 1], 

and define an O-homomorphism 5 : — > X by 

I 

S{^i,...,^l) = J2'ykVk{x,t) for (71, -,70 e <^(x,t), i^^t) e M X [0, 1]. 

k=l 

Then 5 is surjective, H^{M x [0, 1],I) is the set of all vector fields w on 
M X [0, 1] with w{F) — 0, and hence by Cartan Theorem B the homomorphism 
C^{M X [0, 1])' 3 {di,...,di) T!k^idkVk G H^{M x [0, 1],J) is surjective, i.e., 
V is of the form XlL=i fo^ some functions dfc on M x [0, 1]. Therefore, 
we have v = aof^ + YJi^idiWi for d^ = Yli^i^k and di = Y!k=i'^ka^^ ^ = 
1,..., A^. Here do is unique and hence close to 1, and | Yl!i=i^i''^i\ small. Thus 
f = ^ + X]i=i('^j/'^o)'fi'i is what we wanted. 

It remains to find (6^, a^, a^), k — 1,...,/. That is equivalent to prove that 
H^{M X [0, 1],X) is finitely generated by Cartan Theorem B because the homo- 
morphism J^^^t) 3 (/?, q;i,...,Q!jv) /^It + e ^{x,t) is surjective. 
Moreover, it suffices to see that each stalk T(^x,t) is generated by a uniform number 
of elements by corollary 2.2. Note that F is an analytic function with only nor- 
mal crossing singularities. Hence we replace F with / to simplify notation. Let IC 
denote the sheaf of O-modules of vector field germs on M such that 
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Then it suffices to choose Z e N so that for any xq G M, JC^q is generated by I 
elements. Since the problem is local we can assume that M = R", xq = and 
fi^) = HiLi ■^^^h "-1' "-fc > 0, < A; < n. Write a; e /Cq as J27=i ^ 
Oq, and set h{x) = Y[i=i ^i- Then uj{fxo) = means 

fc fc 

niQ;j/(a;)/a;j = 0, hence niQ;j/i.(a;)/a;^ = 0. 

Therefore, each ct^ is divisible by Xi. Hence, setting a[ = ai/xi we obtain Yli=i f^iC^'i 
= 0. It is clear that {(ai, a'^) E Oq : ^^^^ a- = 0} is generated by n— 1 elements, 
which proves step 2. 

The proof of step 1 shows that any C°° diffeomorphism of M carrying Sing / to 
Sing g is approximated by an analytic diffeomorphism of M with the same property. 
Hence it suffices to prove the next statement. 

Step 3. Assume that Sing / = Singer and there exists a diffeomorphism (p of 
M such that f — g o (p. Then there exists a C"^ diffeomorphism tt of M such that 
f = goTT. 

Proof of step 3. As at the beginning of the proof of step 2 we fix and modify 
/ and (j) so that </> and f — g are sufficiently close to id and respectively. Set 
Z — Sing / and let Zi, i = 1,2,..., be connected components of Z. Let Ui be 
disjoint small open neighborhoods of Zi in M such that if 4>{Ui) (1 Ui' 7^ then 
i = i' . Then by steps 1 and 2 there exist C"^ diffeomorphisms ni : Ui 4'{Ui) 
close to (f)\u^ : Ui 4>iUi) such that f — g o Hi on Ui. Note that if we define 
a map between M to be tTj on each Ui and (j) elsewhere, then the map is a C°° 
diffeomorphism by the definition of the strong Whitney topology. For xq G M, 
let m^xo) denote the multiplicity of g — g{xo) at xq, i.e., m{xo) = \a\ =«! + ■■ ■+an 
for a = (cti, an) G such that g{x) — g{xo) is written as ±x" for some local 
coordinate system {xi, Xn) at xq. There exists h G C"^(M) such that h~^{0) — Z 
and h is m(a;)-flat at each a; G Z for the following reason. For each z, let {Zij}j 
be the stratification of Zj by multiplicity number, and for each Zij, consider the 
smallest analytic set in Ui and hence in M containing each connected component 
of Zij. Then we have a locally finite decomposition of Zi into irreducible analytic 
sets {Wij}j in M such that m{x) is constant, say rriij, on each Wij — ^j'{Wij' : 
dim Wjj' < dim Wjj}. By corollary 2.2 there exists hij G C'^{M) — e.g., the rrii^jih 
power of the square sum of a finite number of global generators of the sheaf of O- 
ideals defined by Wi^j — such that h~j{0) = Wij and hij is rrii j-Hat at VF^j, and 
then considering the sheaf of (9-ideals Yii j we obtain h in the same way. 

We will reduce the problem to the case where tTj — id on Ui and f — g are divis- 
ible by h. Since suppO/ZiC = Z, {yrji defines an element of H^{M, (O/hO)^). 
Hence applying Cartan Theorem B to the exact sequence [hO]^ — > —>■ 
(O/hO)^ 0, we obtain n' G C"^(M)^ such that tt, - tt' G hC'iUi)^ for each i. 
We need to modify n' to be a diffeomorphism of M. Let ^ be a C°° function on 
M such that ^ = outside of a small neighborhood of Z and ^ = 1 on a smaller 
one. Approximate C°° maps ~ "^0/^ (1 — ^)(0 — 7r')//i from M to 

R-^ by maps Hi and H2, respectively. Then hHi + hH2 + tt' is an analytic 
approximation oi (f) : M whose difference with tt^ on Ui is divisible by h. 
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approximation of : M — > M such that TTj — tt" is divisible by h by the next fact. 
Given 6*1, 6*2 e R((a;i, aJn))'", r] ^ ^{{xi, ■■■,Xn)) and p e R((yi, ?/rn)) with 
^i(O) = 6*2(0) = ?7(0) = p(0) = 0, then p o 9^ - p o {Oi + 77^2) is divisible by rj as 
an element of G R((xi, Xn))- Now replace tt^ and / with o 7r"~^, tt^ o Tr"""*^ 
and / o 7t"~^, respectively. Then the equalities f = go(f) and f — gom continue to 
hold, and TTj — id and hence f — g are divisible by h and, moreover, by h^~^^ by the 
same way, where s G N is such that a* is contained in the ideal of Ti{{xi, ...,Xn)) 
generated by H^, ^ for ipi{x) = Hi^i^i ^ ^{{xi, Xn)), I < n, and for 
a G Tl{{xi, ...,Xn)) which vanishes on Singifji (Hilbert Zero Point Theorem). Set 
h^^[f - g)/h^+'' G C"^(M), which is close to by lemma 2.12. 

As in the proof of step 2, we define vector fields Wi, i — 1, N, and a 
function F on M x [0, 1], and it suffices to find a vector field v of the form 
if + Z^i^i '^i^i on M X [0, 1] such that v{F) = and \J2iLi^i'^i\ bounded. 
Since f = g + h^+^hi, then F = g + {1 - t)h^+^hi, and the equality v{F) = 
becomes 

N 

h^+^hi = J2 <'^i9 + (1 - t)h''+'h2,i) 

for some functions /i2,i on M close to 0. This is solvable locally. Indeed, for 
each G M — Z, at least one of Wig^ say w\g^ does not vanish at xq. Hence 
a\ = Yc'^^hxj {w\g + (1 — t)h'^^^h2,i), 02 = ••• = aN = is a solution on a 
neighborhood of xq. Assume that xq e Z. Then choose an analytic local coordinate 
system {xi,...,Xn) at xq in M so that g{x) = Yl^^iX^"" + const, where X]r=i ~ 
m{xo) > 1. Here we can assume that xq = 0, const = 0, ni,...,ni > and 
n;_|_i = ■ ■ ■ = Un = 0. Note that m(0, 0, Xn) = m(0) for x^) G 

j^n-z j^gg^j. Q What we prove is that for each to ^ [0, 1], the ideal / of 0(o,fo) 

generated by + (1 - i(o,to))^(otM^2,i(o,to)' ^ = 1' contains h^(^^^'^^^hi(^o,to)- 

Let J denote the ideal of 0(o,f„) generated by g^''"'*"-' , 2 = 1, ...,/. Then it suffices 
to G J because if so, J D /, J 3 /i((^f(,)/ii(o,to)7 = / + tnJ 

and hence by Nakayama lemma J — I, where m is the maximal ideal of 0(o,fQ). 
Moreover, assuming g{x) = xi ■ ■ ■ xi we prove that /i^Q G J, which is sufficient 

because = n5=i and /i(o,fo) is divisible by nj^i^^?"' by 

the definition of h. However, /i^q G J is clear by the definition of s. Note that we 

can choose local v = ^ + X^i^i ^nwi in any case so that | J^^i Oii^il is arbitrarily 
small. 

We continue to proceed in the same way as in the proof of step 2. We obtain 
vector fields Vk — i>k%: + Xlili (^i'^i: k — 1, /, by local existence and a 
vector field v' = ^ + '^i'^^i such that Vk{F) = v'{F) = 0, | XliLi ct'iUnl is small 
and t;' is of the form X]A:=i^fc'^i- After then we approximate 6^ by functions 
Ok-, and V — ^^=1 Ovk fulfills the requirements. Thus we complete the proof of (1) 
in the case of without corners. 

The case with corners is proved in the same way. □ 

3.2. Cardinality of the set of equivalence classes. 

Our main theorem establishes the cardinality of analytic (respectively Nash) R-L 
equivalence classes of analytic (respectively Nash) functions on M with only normal 
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Theorem 3.2. Let M be a compact analytic (respectively, Nash) manifold of 
strictly positive dimension. Then the cardinality of analytic (resp., Nash) R-L equiv- 
alence classes of analytic (resp. Nash) functions on M with only normal crossing 
singularities is or countable. In the Nash case, the compactness of M is not 
necessary, and if moreover M is non-compact then the cardinality is countable. 

The proof of theorem 3.2 runs as follows. We reduce the case to the Nash 
case by proposition 4.1 and then the non-compact Nash case to the compact Nash 
case by proposition 4.9. Lemmas 4.3 and 4.4 together with Nash Approximation 
Theorem II prove the compact Nash case. We postpone the proof of theorem 3.2 
to the last part of the paper. 

Remark, (i) The case where the cardinality is zero may appear, e.g. M = 5^, P(2) 
(for the proof, see the arguments in (v) below in case M — R^). 

(ii) In the theorem we do not need to fix M, namely, the cardinality of equivalence 
classes of analytic or Nash functions on all compact analytic manifolds or Nash 
manifolds, respectively, with only normal crossing singularities is also countable. 
Indeed, the cardinality is clearly infinite, and there are only a countable number 
of compact analytic manifolds and (not necessarily compact) Nash manifolds up to 
analytic diffeomorphism and Nash diffeomorphism, respectively, which will be clear 
in the proof of lemma 4.4. 

(iii) Theorem 3.2 does not hold for analytic functions on a non-compact analytic 
manifold. To be precise, for a non-compact analytic manifold M, the cardinality of 
analytic R-L equivalence classes of (proper) analytic functions on M with only nor- 
mal crossing singularities is of the continuum (0 or of the continuum, respectively). 
We prove this fact below. 

(iv) On any non-compact connected analytic (Nash, respectively,) manifold M, 
there exists a non-singular analytic (Nash, respectively,) function. We give the 
construction below. 

(v) An example of non-compact M where there is no proper analytic (Nash) 
function with only normal crossing singularities is R^. We see this by reduction 
to absurdity. Assume that there exists such an /. Note that each level of / is a 
finite union of Jordan curves. Let ai e R be a point of Im/ and Xi C R^ be a 
Jordan curve in f~^{ai) that does not intersect with f~^{ai) inside of Ui. Next 
choose a2 G /(t^i), a Jordan curve X2 in f~^{a2) H Ui and U2 in the same way. If 
we continue these arguments, we arrive at a contradiction to the above note. 

Proof of (iii) for proper functions. Assume that there exists a proper analytic 
function / on a non-compact analytic manifold M with only normal crossing sin- 
gularities. Replacing / with n o f for some proper analytic function tt on R if 
necessary, we can assume that /(Sing/) = N because /(Sing/) has no accumu- 
lating points in R. Define a map ct/ : N — > N so that for each n G N, / — n is 
Q;/(n)-fiat at any point of f~^{n) fl Sing / and not {af{n) -\- l)-fiat at some point 
of f~^{n) n Sing/. If a proper analytic function g with 5r(Sing5r) = N is R-L 
equivalent to / then aj = ag. Consider all proper functions tt on R such that 
Sing/T = N and tt = id on N. Then the cardinality of {ctTro/} is of the continuum. 
Hence the cardinality of R-L equivalence classes of proper analytic functions on 
M with only normal crossing singularities is of the continuum. □ 

Proof of (iv). Assume that dimM > 1. We use the idea of handle body de- 
composition by Morse functions (see [Mi]). Let / be a non- negative proper C°° 
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type. Approximate / and changing R by some diffeomorphism of R, we assume 
that / is of class C"*^, that /|sing/ is injective and /(Sing/) = 2N. For each A; e N, 
let Ak be the union of f~^{k) fl Sing / with one point in each connected component 
of f~^{k) not containing points of Sing/. Consider the 1-dimensional simplicial 
complex K whose 0-skeleton is UfceN^fc and whose 1-skeleton consists of 
1-simplexes ab, for a,b E K^, such that /({a, 6}) = {k^k + 1} for some A; e N and 
there exists a connected component C of f~^{{k, k + 1)) with C 3 a,b. Note that 
such a C is unique because //-i((2A:', 2fc'+2)) • f~^{i'^k', 2k' + 2)) — > {2k', 2k' + 2) is 
a proper submersion for /c' G N and that conversely for each connected component 
C of /"H(^, k + 1)) there exist a,b e such that /({a, 6}) = {k,k + 1} and 
C 3 a,b. In other words, we can identify with the set of connected compo- 
nents of f~^{{k, k + 1)) : k & ISi. Moreover, for ab e there exist an injective 
C"^ map la,b : [0, 1] ^ M with /„,b(0) = a, = 6, / o /^^^(t) = /(a) ± t and 

Imla^b = Iiii/b,a- Here for ab ^ a'b' , then Im/a t Him = {a} if a = a' or a = 6', 
or Im/a,6 n Im/fl/^b/ = {6} if 6 = a' or 6 = 6', and Im/a^^ ^ Im/a' b' = otherwise. 
Hence we can identify the underlying polyhedron \K\ with the subset U^^^i lm.la,h 
of M, i.e., K is realized in M . Note also that there exists a unique C° retraction 
r : M ^ U^e^i ^^a,h such that / o r = /. 

We will see that each a e i^T*^ is the end of some half-polygon in \K\, i.e., there 
exist distinct G -ftr'^ such that aiUi^^i G for z G N. Note that 

— > oo (i.e., /(oj) — > oo) as z ^ oo. Since M is non-compact and connected, there 
exists a proper map I : [0, oo) — > M such that /(O) = a. We can move ImZ into 
\K\ by r so that Im I is the underlying polyhedron of some subcomplex of K. If there 

is a 1-simplex s m. K\irai with an end v not equal to Z(0) nor equal to another 

1-simplex in Ki, then remove s and v from Ki^ and repeat this operation as many 
times as possible. Then Ki becomes a simplicial subcomplex of K and \Ki\ is the 
union of a half-polygon and Jordan curves. Remove, moreover, some vertices except 
Z(0) and 1-simplexes so that \Ki\ is a half-polygon. Then we obtain an injective 
simplicial map Z : N ^ K with Z(0) = a, where N = N U {[z, i + : i E N}. Let La 
denote all of such I, and let /„ be such that min / o /„ = maxjmin f o I : I E La} and 
#{f °L)~^{Tximf ola) < #(/o/)-i(min/o/) for / G L„ with min/o/ = min/oZ„. 

Next we show that min / o — ;> cx) as a — > oo. Otherwise, there would exist 
distinct ai,a2, ... in such that min / o /„. remains constant, say equal to m. 
Note that aj ^ oo as z ^ oo. Since f~^{m) is compact we have a subsequence of 
ai,a2, ... where ImZo. contain one point bo G K'^ with /(6o) = m. Next, choose a 
subsequence so that Im/a. contain &o&i G for some 6i G and /ai(fci + 1) = 
and lai (ki) = bi for some ki G N. Repeating these arguments we obtain sequences 
ai,a2,... and bo.bi,... in K*^ such that /ai(^i + i) = bo, ...,lai{ki) = bi for some 
fci G N, i = 1,2, ... Then UigN^>i&i+i is a half-polygon. Fix i so large that f{bj) > 
m, j = i,i + 1, and consider a polyhedron ([0, ki]) U bibi+i U 6i-|_i6i-|_2 U • • • . 
Remove vertices and open 1-simplexes from it, as in above construction of /, so that 
the polyhedron becomes a half-polygon starting from a^. This half-polygon defines 
a new I G L^^. Clearly min / o I > m = min / o for this I by the definition of 1. 
However, min f ol = min / o by the definition of la- Then the difference between 
this I and la^ is #(/ o l)~'^{m) < #(/ o Zo.)-^(m) sin ce / o l ajih + 1 ) = m, the 
inclusion /o;„.([0, /c^]) D /o;([0, ki]) holds and since /(6i6j+iU6j+i6j+2U- •• ) > m, 
which contradicts the definition of la^- Thus min / o — oo as a — oo. 

7\/f ;„ /^cxj j;fr — ™ j-„ i\/r t™ ; f — „ ^ ji^O ] j;fr — 



ANALYTIC EQUIVALENCE OF NORMAL CROSSING FUNCTIONS 



21 



morphism can be chosen to be id outside of a small neighborhood of ImZo. Hence 
if Imla n Imla' = for any a ^ a' E Sing/, there exists a C"^ diffeomorphism 
TT : M M ^ Uaesing/ Im/a such that / o tt is a non-singular analytic function 
on M. Consider the case where Imla H Imla' 7^ for some a a' E Sing/. Set 
{ao, ai, ...} = Sing/, set Xq = Yq — Im/^Q and Zq = 0. Let z G N. Assume by in- 
duction that we have defined subpolyhedra Xi D Yi D Zi of \K\. If XiCilm = 0, 
set Xj+i = Xi UlmZoi+i, set Yi+i = ImZaj+i Z^+i = 0. Otherwise, set 
Xj-|_i = XiU ImZoi+i([0, fci+i]), define Zj+i to be the closure of the unbounded 
connected component of the set of difference of the connected component of X^ 
containing and of /a<+i(fci+i), and set F^+i = Zj+i Ulm/a._^^([0, /cj+i]), 

where ki+i = mm{k e N : n lai+i{[0, k]) ^ 0}. Then X = UjgN^i is the 
underlying polyhedron of a subcomplex of K, and for each i there exists a C°° 
diffeomorphism iii : M — Zi ^ M — Yi such that iTi = id on Xi — Zi and outside 
of a small neighborhood of 1^ — in M — Zi. Since min/ o — ;> 00 as a — 00, 
we see that • • • o tti o ttq : M — > M is a well-defined C°° diffeomorphism to M — X. 
Approximate it by a diffeomorphism tt : M ^ M — X. Then /ott is the required 
non-singular analytic function on M. 

Consider the case where M is a non-compact connected Nash manifold. Then 
there exists a proper Nash function on M with only singularities of Morse type. 
Actually, by Theorem VI. 2.1 in [S2], the manifold M is Nash diffeomorphic to 
the interior of a compact Nash manifold with boundary M', which is called a 
compactification of M. Then by using a partition of unity of class semialgebraic 
we obtain a nonnegative semialgebraic function cf) on M' with zero set dM' and 
with only singularities of Morse type. Approximating the semialgebraic function 
1 on M by a Nash function ip in the semialgebraic topology (Approximation 
Theorem I), we obtain the required function. Note that ^Sing'i/; < 00 because 
Sing il; is semialgebraic. Hence in the same way as in the analytic case, we can find 
a Nash function on M without singularities by the following fact. 

Let X be a 1-dimensional closed semialgebraic connected subset of M which is 
a union of smooth curves Xq, X^ such that any Xj is closed in M, any Xi and 
Xj intersect transversally and for each a E X there exists one and only one path 
from a to 00 in X. Then M and M — X are Nash diffeomorphic. 

We prove this fact as follows. Assume that M = Int M' for M' as above. Then 
the closure X of X in M' intersects with dM' at one point. By moving X by a 
semialgebraic diffeomorphism of M and then by a Nash diffeomorphism (Ap- 
proximation Theorem I) we assume that X is smooth at X fl dM' and X and dM' 
intersect transversally. Let ^ denote the function on M' which measures distance 
from X. This function being semialgebraic, we approximate CIm'-x ^ positive 
Nash function ^ on M' — X so that ^{x) — > as a; converges to a point of X. Let 
e > be small enough. Then : ^~^((0, e]) (0, e] is a proper trivial 

Nash submersion by [Ha]. Hence M' — X — ^~^((0, e]) and M' — X arc scmialge- 
braically diffeomorphic and, moreover, Nash diffeomorphic by Approximation 
Theorem I. On the other hand, M' — X — ^~^((0, e)) is a compact Nash manifold 
with corners, and if we smooth the corners then M' — X — ^~^((0, e)) is C°° and 
hence Nash (Theorem VI. 2. 2 in [S2]) diffeomorphic to M' by the assumptions on X, 
which implies that M — X — ^~^((0, e]) and M are Nash diffeomorphic. Therefore, 
M - X = Int(M' - X) is Nash diffeomorphic to M. □ 



22 



GOULWEN FICHOU AND MASAHIRO SHIOTA 



bounded non-singular non-negative analytic function / on a non-compact connected 
analytic manifold M. Let tt be a proper analytic function on R such that SingTr = 
N and tt = id on N. Then tt o /(Singyr o /) = N. Hence as in the case of proper 
functions, we see that the cardinality of R-L equivalence classes of analytic 
functions on M with only normal crossing singularities is of the continuum. □ 

4. Reductions 

In order to prove theorems 3.1,(2) and 3.1,(3) and theorem 3.2, we proceed to 
some reductions. Firstly, we reduce the analytic case to the Nash one, secondly we 
reduce the non-compact Nash case to the compact one. 

4.1. Reduction to the Nash case. 

By the following proposition we reduce the C"^ case of theorem 3.2 to the Nash 
case. 

Proposition 4.1. Let M be a compact Nash manifold possibly with comers, and 
f a function on M with only normal crossing singularities. Then f is right 
equivalent to some Nash function. 

Remark. If M is a non-compact Nash manifold, proposition 4.1 does not hold. For 
example, consider M = R and f{x) = sin a;. 

Proof of proposition 4.1. Set X = /-^(/(Sing/)). Let g : X ^ M he a 
immersion of a compact manifold possibly with corners such that Img = X, 
g\g~i{RegX) is injective and gn^^X^) is an analytic subset germ of Mg(^) for each 
X E X. Here we construct X and g locally and then paste them. For a connected 
component C of X there are two possible cases to consider: either g{C) C dM or 
g{C) (/L dM. Assume that g{C) (/l dM for any C. Then g{IntX) C IntM and 
g{dX) C 5M, and moreover X is a normal crossing analytic subset of M. Consider 
the family of aU C°° maps g' : X ^ M with g'{lniX) C IntM and g'{dX) C dM. 
Then 

Lemma 4.2. Let r (> 0) G N U {cxd}. Then g is C°° stable in family, in the sense 
that any such C°° map g' : X —> M close to g in the topology is C°° R-L 

equivalent to g. 

Remark. The proof we produce below shows that lemma 4.2 holds even if M is 
a non-compact Nash (C°°) manifold possibly with corners, using the Whitney 
(strong Whitney C°°, respectively) topology. 

Proof of lemma 4-2. It suffices to find a C°° diffeomorphism of M which carries Im g 
to Img'. As usual, using a tubular neighborhood of M in its ambient Euclidean 
space, the orthogonal projection to M and a partition of unity of class C°°, we 
reduce the problem to the following local problem. 

Assume that M = R" x [0, oo)'^ and X = {xi---xi = 0}, for / < n. Let 
yi = yi{x) be a function on M which is close to the function xi in the Whitney 
topology and coincides with xi outside of a neighborhood of 0. Then there exists 
a C°° diffeomorphism tt of M which is id outside of a neighborhood of and close 
to id in the Whitney topology and carries {x2 • ■ ■ xi = 0} U {yi{x) = 0} to X. 

This is true since 7r{xi, ...,Xn+m) = {yi{x)jX2, ■■■,^n+m) satisfies the require- 

™ — j-„ I — I 
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Continued proof of proposition 4--1- Let <^ r' <^ r e N. 

Case without corners. Give a Nash manifold structure to X (Theorem of Nash, 
see Theorem 1.3.6 in [S2]). Let ^' : X — > M be a Nash approximation of g in the 
topology, e.g., the composite of a polynomial approximation of the map g from X 
to the ambient Euclidean space of M with the orthogonal projection of a tubular 
neighborhood of the space, and set X' — Im g' . Then by lemma 4.2 there exists a 
C°° diffeomorphism tt of M which carries X to X', and by the above proof tt can be 
arbitrarily close to the identity map in the C"^ topology. Let ti, be the critical 
values of /. We assume that tj > 0. We want to construct a Nash function /' on 
M such that (/')~^(/'(Sing /')) = X' and /'ott = f on X for some modified tt and, 
moreover, f on — ti and f — ti have the same multiplicity at each point of f~^{ti) 
for each i. For each ti, let 2j denote the sheaf of jV-ideals with zero set 7r(/~^(ti)) 
and having the same multiplicity as / o tt"-*^ — at each point of 7r(/~^(tj)). Such 
a sheaf exists because a non-singular semialgebraic and analytic set germ is a non- 
singular Nash set germ. Then is generated by a finite number of global Nash 
functions (theorem 2.7). Let 0^ denote the square sum of the generators and define 
a Nash function ipi on M so that ipf — (pi and ipi has the same sign as f o'k~^ — ti 
everywhere. Note that 7/'~"^(0) = Tr{f~^{ti)) and ipi and / o Tr~^ — ti have the same 
multiplicity at each point of ijj~^{0). Set (j) = Y[4'i- We have a global cross-section 
of the sheaf of AT-modules J\f/ Yli^f whose value at each point x of 'iIj~^{0) equals 
i/^ij. + ti mod If^. Apply theorem 2.8 to the homomorphism J\f — > J\f/ Yli^f 
the global cross-section. Then there exists a Nash function ip on M such that ip~U 
and f o TT~^ — ti have the same sign at each point of a neighborhood of 'ip~^(0) 
and the same multiplicity at each point of ip~^{0) for each i. We need to modify 
tp so that X' = ?/;~^(?/;(Sing'i/')). Let /" be a C°° function on M, constructed by a 
partition of unity of class C°°, such that /" = -0 on a small neighborhood of X' and 
X' = (/")-H/" (Sing/")). Then /" - is of the form 0C for some C°° function 
^ on M. Let ^ be a strong Nash approximation of ^ in the C°° topology, and set 
f = ^ + Then /' is a Nash function, X' = (/')-^(/'(Sing/')) and /' - ti and 
/ o 7r~^ — ti have the same multiplicity at each point of iT{f~^{ti)) for each i. 

By Theorem 3.1,(1) it suffices to see that / is C°° right equivalent to the function 
h defined to be /' o n. Note that h~^{h{Smgh)) — X, and f — ti and h — ti have 
the same multiplicity at each point of f~^{ti) for each i. Remember that tt is close 
to id in the C topology. We can choose /' so that / and h are close each other in 
the topology. Indeed, / o tt"^ — /' is of the form 77 ipi for some C°° function 
rj on M. Replace /' with f' + fj Yli ipi for a strong Nash approximation 77 of 77 in 
the C°° topology. Then / and h are close. Hence we can reduce the problem, as 
usual, to the following local problem. 

Let M = R", f{x) = x'^'---x^' and h{x) = a{x)x'^' ■ ■ ■ xf' for some C°° 
function a{x) on M close to 1 in the Whitney topology (lemma 2.12). Assume 
that CKi > 0. Then / and h are C°° right equivalent through a C°° diffeomorphism 
close to id in the Whitney topology. 

This is true since the diffeomorphism R"^ 3 (xi, Xn) (a^/^^ {x)xi,X2-, 
Xn) e R" satisfies the requirements. Thus the case without corners is proved. 

Case with corners. Let Mi be a Nash manifold extension of M. We can assume 
that M is the closure of the union of some connected components of Mi — Y 
for a normal crossing Nash subset Y of Mi. Let U be an open semialgebraic 

1 ] „f i\/r ;„ i\/r — „™„11 -P ;„ — j- .j-; — 
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on U with only normal crossing singularities. Shrinking U if necessary, we replace 
X in the above proof with Xi = /j~"'^(/i(Sing/i)), and we define a manifold 
Xi and a C"^ immersion gi : Xi — > [/ in the same way. For each connected 
component C of Xi there are two possible cases to consider: either (71(C) C Y 
or gi{C) (f. Y. If gi{C) C Y, then gi{C) is a Nash subset of U with only normal 
crossing singularities and C has an abstract Nash manifold structure such that gi\c 
is a Nash diffeomorphism to gi{C) (see [S2] for the definition of an abstract Nash 
manifold). Apply Artin-Mazur Theorem to gi(C). Then C with this abstract Nash 
manifold structure is a Nash manifold. Set g[ = gi on C. If (71(C) ^ Y, give a Nash 
manifold structure to C, approximate gi\c by a Nash immersion g[\c '■ C Mi. 
In this way we define a Nash immersion g[ : Xi — > Mi and set X' — Im g'l n M. 
The rest proceeds in the same way as the case without corners. □ 

The following lemma is the or Nash version of lemma 4.2 and is used to prove 
theorems 3.1,(2), 3.1,(3) and lemma 4.4. 

Lemma 4.3. Let r (> 0) G N U {00}. Let M and N be compact manifolds 
possibly with corners such that dimM = 1 + dim A?". Let (f) : N ^ M be a 

immersion such that ^(Int A^) C Int M, (f){dN) C dM , lm.(f) is a normal crossing 
analytic subset of M and the restriction of (p to (/)~"'^(RegIm0) is injective. Then 
(f) is stable in the family of maps from N to M carrying dN to dM in the 
same sense as in lemma 4-2. If M, N and are of class Nash, then is Nash 
stable in the family of Nash maps with the same property as above. 

Remark. In the case of a non-compact M and proper 0, we see easily that the former 
half part of lemma 4.3 holds in the Whitney C topology, r (> 0) e N U {00}. We 
can prove the latter half in the non-compact case in the semialgebraic C topology 
by reducing to the compact case by lemmas 4.5 and 4.6. 

Proof of lemma 4-3 ■ Let tj) be an analytic approximation of in family in the 
analytic case. Then by lemma 4.2 if) is C°° R-L equivalent to 0, namely, there 
exists a C°° diffeomorphism tt of M which carries lm.(j) to Im-i/;. Note that we can 
choose TT to be close to id in the C topology by the proof of lemma 4.2. Then by 
step 1 in the proof of theorem 3.1,(1) and its proof, we can choose an analytic tt 
even in the case with corners. The existence of an analytic diffeomorphism t of N 
with ^|;oT = ^TO(f)is clear because r = o tt o on (Reg Im 0). Thus and 
i/j are R-L equivalent. 

Assume that M, A^, and are of class Nash. It suffices to find a Nash 
diffeomorphism of M which carries Im</) to Im'^. Let tt be such a diffeomorphism 
of M of class C^. 

Case without corners. Let and denote the sheaves of A/"-ideals on M 
defined by Im.(p and lmt(j, respectively, and let {fi} and {gj} be a finite number 
of their respective global generators. Then {gj o tt} is a set of global generators of 
the sheaf of C-ideals X<^0 on M. Hence in the same way as in step 2 of the proof 
of theorem 3.1,(1) we obtain functions aij and Pij on M such that 

fi = Y^ aij ■ {gj o tt) and t/j o tt = ^ (3ijfi. 

j i 

Let M C and let /i be a Nash function on with zero set M. Extend gj to Nash 
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equations of Nash functions in variables {x, y, aij, bij) e M x R"' x R"' x R"', for 
some n': 

h{y) = 0, Mx) -^aijgj{y) ^0, gj{y) -^b^jfi{x) = 0. 

3 i 

We have a solution y = n{x), aij — aij{x) and bij = /3ij{x). Hence by Nash 
Approximation Theorem II there exists a Nash solution y = 7r'{x), aij = a[ j{x) 
and bij = Plj{x), which are close to tt, aij and Pij, respectively. Then 

3 i 

Hence tt' is a Nash diffeomorphism of M and carries Im0 to Im'^. 

Case with corners. We can assume that for Nash manifold extensions Mi and 
A^i of M and A^, respectively, (p, t/j are extensible to Nash immersion (pi and ipi of 
Ni into Ml and tt to a embedding tti of a semialgebraic open neighborhood U 
of M in Ml into Mi, and moreover there exist normal crossing Nash subsets Y of 
Ml and Z of Ni such that M and N are closures of the unions of some connected 
components of Mi—Y and of Ni — Z, respectively, (j)i{Z) C Y and ipi{Z) C Y. Let 
Ml be contained and closed in an open semialgebraic set O in R", and hi be a Nash 
function on O with zero set Mi. Take a small open semialgebraic neighborhood 
F of M in Ml and shrink Mi, iVi and U so that n{U) C V and U nlmcpi and 
V Dim ip I are normal crossing Nash subsets of U and V, respectively. Then in 
the same way as above, we obtain a finite number of global generators {fi,i} and 
{9i,i} of the sheaves of A/'-ideals on U and V defined by C/ fl Im0i and V nlmipi, 
respectively, and analytic functions ai^ij, Pi^ij on U such that 

fi,i = Y ■ {91,3 ° TTi) and gi^j o tti = /3i,i,jfi.i on U. 

3 i 

We need to describe the condition 7r{dM) = dM, i.e., 7ri{U DY) cY. Let ^' be 

the square sum of a finite number of global generators of the sheaf of A/'-ideals I 
on Ml defined by Y. Then ^' is a generator of X^, and since M is a manifold with 
corners there exists a unique Nash function ^ on a semialgebraic neighborhood of 
M in Ml such that = ^' and ^ > on IntM. Shrink U once more. Then 
and ^oTTilu are well-defined generators of T\u and IO\u, respectively, and we have 
a positive analytic function 7 on [/ such that ^ o tt = 7^ on [/. We shrink O, and 
using the same notation we extend gij and ^ to Nash functions on O. 

Consider the germs on M x O x R"^ x R"^ x R of the following equations of 
Nash functions in the variables {x,y,ai j,bi j,c) e U x O x R"' x R"' x R for some 
n': 

hi{y) ^ 0, fi4x)-Ya^jgij{y) = 0, gi,j{y)-'Ybijfi^i{x) = 0, iiy)-cCix) = 0. 

3 i 

Then, since Nash Approximation Theorem II holds in the case of germs, we have 
Nash germ solutions on M of the equations y = 7ri{x), aij = a[ j{x), bij = P'ij{x) 
and c = Yix). The equation $^ o n'l — 7'^ means 7ri(M) = M. Thus tt^Im is the 
required Nash diffeomorphism of M. □ 

The following lemma shows countable cardinality of the normal crossing Nash 
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Lemma 4.4. Let M be a compact Nash manifold possibly with comers of strictly 
positive dimension. Consider Nash immersions from compact Nash manifolds 
possibly with corners of dimension equal to dim M — 1 into M such that Im are 
normal crossing Nash subsets of M , the restrictions (^|0-i(Regim<^) ore injective and 
(f) carry the interior and the corners into the interior and the corners, respectively. 
Then the cardinality of Nash R-L equivalence classes of all the cj) 's is countable. 
The analytic case also holds. 

Proof of lemma 4 ■4- Note that the cardinaHty is infinite because for any /c G N we 
can embed k copies of a sphere of dimension dimM — 1 in M. It suffices to treat 
only the Nash case for the following reason. 

Let : M' — > M be an analytic immersion as in lemma 4.4 for analytic M' 
and M. Assume that M has no corners. Since a compact analytic manifold is C"^ 
diffeomorphic to a Nash manifold, we suppose that M' and M are Nash manifolds. 
Approximate by a Nash map. Then is R-L equivalent to the approximation 
by lemma 4.3. Hence we can replace by a Nash map. 

Assume that M has corners. Let Mi C R" be an analytic manifold extension 
of M such that M is the closure of the union of some connected components of 
Ml — Y for a normal crossing analytic subset Y of Mi. We can assume that Mi is 
compact as follows. Let a denote the function on Mi which measures distance from 
M. Approximate q;|mi-m by a C"^ function a' in the Whitney C°° topology, and 
let e < e' be positive numbers so small that M U a'~^{{0, e']) is compact and such 
that the restrictions of a' to a'~^{{e, e')) and to its intersections with strata of the 
canonical stratification of y are regular. Then (Mi fl a'~"'^((e, e')), y nQ;'~^((e, e'))) 
is diffeomorphic to (Mina'-^((e + e')/2)), Y na'-\{e + e')/2))) x (e, e')- Hence, 
replacing Mi with the double of M U q;'~^((0, (e + e')/2]), we assume that Mi is 
compact. 

Next we reduce the problem to the case where Mi and Y arc of class Nash. 
Define, as in the proof of proposition 4.1, a C"^ immersion g : Y ^ Mi of a compact 
manifold so that Img = Y, so that (7|c,-i(Regim g) is injective and gyiYy) is an 
analytic subset germ of Mig(-y) for each y eY . Give Nash structures on Mi and 
y, and approximate by a Nash map g' . Then by lemma 4.3 there exists a 
diffeomorphism tt of Mi which carries Im^ to Img'. Hence we can replace Y with 
Im g' and we assume from the beginning that Mi , Y and M are of class Nash. By 
the same reason, we suppose that M' is a Nash manifold possibly with corners and 
the closure of the union of some connected components of M[ — Y' for a compact 
Nash manifold extension M{ of M' and a normal crossing Nash subset Y' of M{. 
Extend to a immersion 01 of a compact semialgebraic neighborhood U of M' 
in M{ into Mi, choose U so small that (j)\{U r\Y') C y, and approximate, as in the 
proof of step 1 in theorem 3.1,(1), (f>i by a Nash map 0i so that 4>i{U fl Y') C Y 
(here we use theorems 2.7 and 2.8 in place of corollaries 2.2 and 2.4 in the proof 
in theorem 3.1,(1)). Then 0i|m' is a Nash immersion into M, and Im0i|M' is a 
normal crossing Nash subset of M, moreover 0l|(0^|^,)-l(R,egIm<^l|J^^,) i^ injective 
and 01 (5M') C dM, and finally 0i|m' is C"^ R-L equivalent to by lemma 4.3. 
Thus we reduce the analytic case to the Nash one. 

Consider the Nash case. Let M C R"^ and : M' ^ M be a Nash immersion as 
in lemma 4.4. Let Mi, M{, Y and 0i : M[ Mi be Nash manifold extensions of M 
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such that Ml C R"^, (pi — (p on M', M and M' are the closures of the unions of 
some connected components of Mi — Y and M[ — (f)'^^(Y), respectively, U fl Im0i 
is a normal crossing Nash subset of an open semialgebraic neighborhood [/ of M in 
Ml and |<^-i(Reg(;7nim<^i)) injective. By Artin-Mazur Theorem (see the proof 
of theorem 2.9) we can regard M[ as an open semialgebraic subset of the regular 
point set of an algebraic variety in R"^ x R"^ for some n' and (pi as the restriction 
to M{ of the projection R^ x R^' ^ R". We will describe all such (pi : M[ ^ Mi 
with fixed complexity as follows. Any algebraic set in R"^ x R" , and its subset of 
regular points where the projection to R"^ is regular, are, respectively, described by 
the common zero set of polynomial functions fi, fi on R"^ x R"^ for some I e N 
and 



U 



{x = {xi, ...,Xn+n') e R' 



n+n' 



/={ii,...,jfc}C{l,.--,0 
l' = {i[,-,i'^+^,}C{l,...,l} 



k-\-n' 



Mx) = --- = Mx) = 0, \- 1 r(x)|7^0, 

) •••) -^ik ) ) -^n+n' ) 

k+n' 

9i',i"fi" = ^ gi',i",jfi'., gi',i"ix) y^o, e {!,...,;}-/'} 

for some polynomial functions gr^i" and gi',i",j on R"^ x R"^ , where k = n + 1 — 
dimM, and denotes the Jacobian matrix. Moreover, its open semialgebraic 
subset is its intersection with 

Ujv^i n\^i {x e R^+"' : hij'ix) > 0} 

for some polynomial functions hij' on R" x R"^ (here we enlarge / if necessary). 
Thus (pi : M[ — > R"' is described by the family fi, gi',i", gi',i",j and hij' and 
conversely, any polynomial functions fi, gi'^i", gi',i",j and hij' define in the above 
way a Nash manifold M[ in R""'""^ of dimension dim M — 1 such that the projection 
(pi : Ml R"^ is an immersion. If the degree of the polynomials are less than or 
equal to (i G N, wc say that (pi : M{ R"^ is of complexity /, rf, n' . 

Furthermore, since a polynomial function on R^^"^ of degree less than or equal to 
d is of the form ^ ^^n+n' Oax", e R, where N"+"' = {a e N^+^' : |a| < d}, 
we regard the family of fi, .., hij' of degree less than or equal to d as an element 
a = (aa) of R^ for some N eN. We write 0i : M{ ^ R" as (pia : R^. 
Then the set X = Ua£Rjv{a} x C R-^ x R"' x R"^' is semialgebraic, and we 
can identify (pia : M(„ — R"- with p|(qop)-i(a) • {q °p)~^{<^) {o-} X R"'; where 
p : X ^ R-^ X R"^ and q : x R"^ — > R-^ are the projections. 

Consider the condition Im (pia C Mi. The subset of R^ consisting of a such that 
p|(gop)-i(a) f^ils to satisfy this condition is qop(X fl R^ x (R" — Mi) x R"' ) and 
hence is semialgebraic. Let A denote its complement in R^. Thus Im^i^ C Mi if 
and only if a G A. 

Next consider when U fl luKpia is normal crossing and </'ia|0-i(Reg(;7nim0ia)) 
injective. For that, remember that the tangent space Tj;M{^ of M{^ at x G M[^, 
for M{^ described by fi, gi'^i", ... as above, is given by 
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and hence the set TX defined to be {{a,x,y) e X x R"+"' : y e T^M[J is 
semialgebraic. Assume that a E A. Set 

K'a = ii^^x') e XM[^:X^ X', (f>ia{x) = (Pia{x') G U, 

dim{dcPiax{T^M[^) + dcl>^ax'{Ta:'M[J) = dim M - 1}. 

Then M['^ and Uaeyi{a} x M"^ are semialgebraic, and a e A - q''(UaG^{a} x M{'„) 
if and only if for any x x' E with (j)ia{x) e U, the germs of (j)ia at x and x' 
intersect transversally, where q' : x R"- x R"- x R"- x R"- R^ denotes the 
projection. Repeating the same argmnents on m-tuple of for any m < dimM 
we obtain a semialgebraic subset B of A such that for a E A, then a e -B if and 
only if t/ n Im0ia is normal crossing and 0ia|<^-i(Reg(c/nim injective. 

Let {Bi} be a finite stratification of B into connected Nash manifolds such 
that q o p is Nash trivial over each Bi [C-Si], i.e., for each i there exists a Nash 
diffeomorphism Wi : {qop)~^[Bi) {Q°p)~^{bi) x Bi of the form tt^ = (tt^, qop) for 
some bi e Bi. For a e B, set = (f)^^{M) and (pa = 4>ia\M^- Then {(pa ■ 
R^jaes is the family of all : M' — > M as in lemma 4.4 which are extensible to 
01 : M[ — > Ml with fixed U and complexity I, d, n', and if a and a' are in the same 
Bi, i e I, then (pa '■ — > M and : M^, — > M are Nash R-L equivalent by 
lemma 4.3 for the following reason. As there exists a curve in Bi joining a and 
a' , considering a finite sequence of points on the curve we can assume that a' is 
close to a as elements of R^. We can replace (pa and (pa' with (pa o {nl\^a}xM' = 
Pn o «|{a}xM^)~' : {bi} X M^^ ^ R^ and p„ o «|{a.}xM;,)~' : x M^^ "-^ R^, 
where p„ denotes the projection R^ x R" x R" R"^. Hence in order to apply 
lemma 4.3 it suffices to see that {7rl\^a'}xM' ,)~^ is close (7r^|{a}xM^)~"^ in the 
topology. That is true because we can regard (tt^Iio'IxM' ^ind (7r^||a|xM' )~''^ 
as 7r,"^|(gop)-i(60x{a'} and 7r^"^|(gop)-i(60x{a}, respectively, {qop)-^{hi) is compact 
and because of the following fact. For compact manifolds M2 and M3 and for a 

function g : M2 x M3 ^ R if two points u and v in M3 are close each other then 
the functions M2 3 x ^ g{x, u) G R and M2 3 x ^ g{x, f ) G R are close in the 
topology. Hence the cardinality of equivalence classes of (pa : — > M, a G -B, is 
finite. Until now we have fixed U. We need argue for all semialgebraic neighborhood 
U of M in Ml. However, it is sufficient to treat a countable number of U^s since 
M is compact. Thus the cardinality of all equivalence classes is countable. □ 

4.2. Compactification of a Nash function with only normal crossing 
singularities. 

The following lemmas 4.5, 4.6, 4.7 and proposition 4.8 are preparations for propo- 
sition 4.9 that states the compactification of a Nash function with only normal 
crossing singularities. The main tools are Nash sheaf theory and the Nash version 
of Hironaka desingularization theorems. 

Lemmas 4.5 and 4.6 show that a normal crossing Nash subset of a non-compact 
Nash manifold is trivial at infinity. 

Lemma 4.5. Let X be a normal crossing Nash subset of a Nash manifold M and 
f : M ^ R"* a proper Nash map whose restrictions to M — X and to strata of the 
canonical stratification of X are submersions onto R"^. Then f is Nash trivial, i.e., 
there exists a Nash diffeomorphism n : M ^ /~^(0) x R™- of the form tt = (tt', /), 

7 _/ „ u„ „! , „„ -tt-i —Uv\ V f — l(n\ 7 _/ ;J f — l(n\ 
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The analytic case also holds. 

This is shown in [C-Si,2] in the case of empty X. We prove here the nonempty 
case. 

Proof of lemma 4-5. Consider the Nash case. Let n = dimM, take k an integer 
smaller than n, and let Xf^ denote the union of strata of the canonical stratification 
of X of dimension less than or equal to k. We define tt' on X^ by induction on k, 
and then on M. To this aim, we can assume that tt' is already given on X, say 
TTx = (ttx' fx)j by the following fact, where = /|^ for a subset A of M. 

Fact 1. There exist a Nash manifold Xk of dimension k and a Nash immersion 
Pjl^ : Xk — * M such that Imp^^ = Xk and pj^^ l^-i x is injective. 

Proof of fact 1. (Artin-Mazur Theorem. See the proof of theorem 2.9.) Let M 
be contained and closed in R"^, and let X^ denote the Zariski closure of Xk in R^. 

Then there exist an algebraic variety X^ (the normalization of X^) in R^ x R-^ 

for some A^' G N and the union of some connected components X^ of X^ such that 

X^ is non-singular at Xk- Hence Xk is a Nash manifold and the restriction pj^^ to 

Xk of the projection p : R^ x R-^ R^ satisfies the requirements in fact 1. 

Let (pi be a finite number of global generators of the sheaf of jV-ideals X on M 
defined by X, and set </> = </)f . Then </> > on M — X and is a global generator 
of J^. For a subset A of M and x G R"", set A{x) = Ar\ f~^{x). We will extend 
tt'x to tt'. For that it suffices to find n' of class semialgebraic C' for a large integer 
I for the following reason. 

Fact 2. Let be a semialgebraic function on M whose restriction to X is of 
class Nash. Then fixing ^ on X we can approximate ^ by a Nash function in the 
semialgebraic C'~'" topology. 

Proof of fact 2. As in the proof of theorem 3.1,(1), step 1, g\x is extensible to 
a Nash function G on M by theorem 2.8. Replace g with g — G. Then we can 
assume that ^ = on X and g is of the form ^ gi(j)i for some semialgebraic C'""^ 
functions gi on M for the following reason. Reduce the problem to the case where 
(M, X) = (R", {xi ■ ■ -Xn' = 0}) and {0^} = {xi ■ ■ -Xn'} for some n' G N by a 
partition of unity of class semialgebraic (remark 2.11,(5)'). Then g is divisible 
by xi • • ■ Xn' as a semialgebraic C^~" function on M by elementary calculations. 
Hence g is of the form gixi • ■ ■ Xn' for some semialgebraic C'~" function gi on 
M. As usual, we approximate gi by Nash functions gi in the semialgebraic C'""^ 
topology we obtain the required approximation ^ of g in fact 2. 

We will see that there exists a finite semialgebraic stratification {Bi} of 
R"^ such that for each i, the map 7rx|xn/-i(Bi) is extensible to a semialgebraic 
diffeomorphism tTj = (tt^, //-i(Bj)) : f~^{Bi) — > M{bi) x Bi for some point 
bi G Bi. In the following arguments we need to stratify R™' into {Bi}, each Bi 
into {Bij : j — 1,2,...} and once more. However, we always use notation R"* 
for all strata for simplicity of notation, which does not cause problems because we 
can choose stratifications so that strata are semialgebraically diffeomorphic to 
Euclidean spaces. 

We recall the construction of tt as in the proof of Theorem n.6.7 in [S3]. Without 
loss of generality we assume that 7r^|x(o) = id- First we can modify in order (f) 
to be a semialgebraic function so that for each x G R"^, (/)\m{x)-x h^-s only 

„; ,,,1 — at j- o ^ n ] „j- T3m ] 
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consider the restriction of to each stratum in place of 0, and the main method 
of proof is a semialgebraic version of Thom's transversahty theorem), is constant 

on each connected component of Z =^ Ua^eRm Sing(</)|M(a:)-x) and the values are 
distinct from each other (Claim 4, ibid.) after the second stratification. Next, let 
y be a connected component of Z and set Y = ^~^(^(y)). Then there exist an 
open semialgebraic neighborhood U oiY \n M and a semialgebraic embedding 
u = {u' , fu) ■ U — > t/(0) X R™' such that w'|[/(o) = id and (j) o u' — (p\u (Claim 
5, ibid.) after the third stratification. Thirdly, applying lemma 4.5 without X 
to the semialgebraic C' map (/, 0)|<^-i(/) : — > R"* x / for each connected 
component / of (0, oo) — 4>{Z), we obtain a semialgebraic C' diffeomorphism A = 
(A', </>U-i(/)) : (t^-\l) ^ </>-H/)(0, 0) X R- X / such that A'|^-i(,)(o,o) = id, 

where 0-^(/)(O,O) = ^'H^o) n M(0) for some to e I (Claim 7, ibid.). Fourthly, 
we paste u and A for all / and construct a semialgebraic diffeomorphism v = 
/m-x) -.M -X ^ (M(0) - X) X R"^ such that v'\m{q)-x = id and (f) o v' = 
0|m-x, ibid. Hence it suffices to prove the following fact by the same idea of 
pasting. 

Fact 3. There exist an open semialgebraic neighborhood of X in M and a 
semialgebraic embedding w = {w', fw) '■ W — > M(0) x R"^ such that w' = tt^ 
on X, so that iy'|vK(o) = id and (f)ow' = (f)\w 

Proof of fact 3. Here the condition o w' = 4>\w '^s not necessary. If there exists 
a semialgebraic embedding w without this condition, we replace on with 
(f)ow' , extend it to a semialgebraic C' function on M positive on M — X, and repeat 
the above arguments from the beginning. Then fact 3 is satisfied by this w'. 

If X is smooth, the problem becomes easier. Hence we reduce to the smooth 
case. Let X C R^ x R-'^ and : X ^ M be a Nash manifold and the restriction 
to X of the projection p : R-^ x R^ — > R^ defined in the proof of fact 1 for 
k = n — 1. For a small positive semialgebraic function e on X, let Q denote the 
e- neighborhood of X in M x R^ , i.e., 

g = [j {z' e M X K^' : dis{z, z') < t{z)}, 

and let q : Q ^ X denote the orthogonal projection, which is a Nash submersion. 
Set 

M = {{x, y) eQ <Z M X R^' : q{x, y) = {x, y) for some x' e X}. 

Then M is a Nash manifold of dimension n containing X, and : M — > M is 
a (not necessarily proper) Nash immersion, where pA denotes p\a for a subset A 
of M X R^'. Set A(0) = A n M(0) x R^', set fA = f°PA for the same A, and 
X — p^{X). Then X is a normal crossing Nash subset of M, and p^ : X ^ X is 

a (not necessarily proper) local Nash diffeomorphism at each point of X. Moreover 

TTx = (tt^j/x) is lifted to tt^ = (7r'=,/^) : X X{0) x R™, and there exists a 

Nash function (p on M with zero set X which is, locally at each point of X, the 
square of a regular function and such that 

(^\ ^ — ^ r, -ttL n-n Y 
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To be precise, we construct (f) first on M(0), and extend it to X so that (1) is 

satisfied and then to M as usual. Moreover tt'- = id on X(0). 

X ^ ' 

Note that X^a-x — since fx^-x^-i is a submersion onto R'" if Xk 7^ 0. 
Let m < k < n. Then by the definition of X, the map Pxnp-^^Xk-x^. 1) • 
X r\p~^{Xk — Xk-i) — > Xk — Xk-1 is a Nash (n — /c)-fold covering. Hence con- 
sidering a semialgebraic triangulation of Xk{0) compatible with X^-i — a semial- 
gebraic homeomorphism from the underlying polyhedron of some simplicial com- 
plex to Xk{0) such that Xfc_i(0) is the image of the union of some simplexes — 
and small open semialgebraic neighborhoods of inverse image of open simplexes 
by n'^^ in M — X^-i, we obtain finite open semialgebraic coverings {Qk,i '■ i} of 
Xk - Xk-i in M - Xk-i and {Qk,i,j : i, 1 < j < n - k} oi Xnp-^{Xk - Xk-i) in 
M-Xnp-^{Xk-i) such that 7r'x^{X{0)nQk,i) = XnQk,i, iQk,i,XknQk,i) are Nash 
diffeomorphic to (R", {0} x R*'), such that . : {Qk,i,j,Xnp~^{Xk)nQk,i,j) 
{Qk,i,Xk n Qk,i) are Nash diffeomorphisms, and Qk,i,j n Qk,i,j' = if j 7^ /. 
Define Nash functions 4'k,i,j on Qk,i 4> ° P}} • Then (j)k,i,j are the squares 

1 /2 

of Nash functions, say (t>kiji ^-nd we can choose Qk,i so small that the maps 

(/'^feSi' •••'^feSn-fe) • Qk,i R'^+"-'= are submersions, that if Qk,i n Qk,i' 7^ 
then 

(2) {</'fc,z,j lQfe,inQ,,,, : J = 1, n - k} ^ {(Pk,i',j\Qk,inQ,y : J = 1, n - k}, 
and that if Qk,i n Qk',i' ^ $ ior k < k' then 

(3) {0M,ilQfe.inQfe,,,, : i = 1:-.'^-^} ^ {<^fe',i',ilQfe.inQfe,,,, : j ^ 1, ...,n - k'}. 

Let ^k,k',i,i' denote the k' — k Nash functions on Qk^i n Qk',i' in the complement 
in (3). Note that (1) implies 

(ly <^i£ ° = </'i£- onxng,,,. 

We work from now in the semialgebraic category. Shrink again Qk^i (fix- 
ing always Xk n Qk,i)i and set Qk = ^iQk,i- Then there exist semialgebraic C' 
submersive retractions qk '■ Qk Xk — Xk-i such that 

(4) f°qk = f on Qk, 

(5) qkon'x ^n'xoqk on X fl Qk, 

and the maps {qk\Qk,i, 4>k^,li, 4>k,i,n-k) '■ Qk,i i^k - ^k-i) x R'^"'' are semial- 
gebraic embeddings as follows. 

For a while, assume that qk on Qk{0) are already given so that the following con- 
trolled conditions are satisfied. 

(6) qk o Qk' = Qk on Qk{0) n Qk'{0) for k < k' , 

(7) o 
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Extend each to Qk : X H Qk ^ — Xk_i so that (4) and (5) are satisfied 
as follows, which is uniquely determined, though we need to choose Qk so that 
Tr'xiX n Qk) C Qa;(0). For {x,y) G with small dis(a;,y), let r{x,y) denote the 
orthogonal projection image of x to Xk{f{y)) — Xk-i- Let q'j^ : Qk Xk — Xk-i 
be any semialgebraic extension of qk, shrink Qk and define qk{x) for x G Qk 
to be r((j^(a;), a;). Then qk is a semialgebraic submersive retraction of Qk to 
Xk — Xk-i and satisfies (4) and (5). 

Hence {(/>]/ f i, ■■■■)(l>i/in-k) ^ local coordinate system of q^^{x) fl Qk,i at x, for 
each X G Xk — Xk-i- Therefore, by (3), for each Qk,i and Qk',i' with k < k' there 
exists a unique semialgebraic C' submersion qk,k',i,i' '• Qk,i H Qk',i' —>■ Xk' n Qk,i 
such that 

(8) qk o q-fc.fc'.i,*' = Qk on n Qk',i' and 

(9) ° Qk,k',i,i' = </>I('^j on Qfc,i n Qk',i' for </>fc,i,j Ig^.^nQ,,,,, e ^k,k',i,i'- 

To be precise, the domain of definition of qk,k',i,i' is Qk'^{Qk,i) H (5fc,i H Qk',i' ■ How- 
ever, we omit q^}{Qk,i) for simplicity of notation. In the following arguments also 
we simplify the domains of definition of many maps. By the above equalities we 
have the following equalities (4)', (5)' and (10). 

(4) ' / O ?A;,A:',i,i' - / ° <7fc ° <?fc,A;',i,i' - / O <7fc - / OH Q k,i H Q k' ,i' ■ 

, (8) / (5) , (8) , (5) , 

qk ° Qk,k',i,i' O = qk^T^X = '^X ° Qk = T^x ° Qk ° Qk,k'i,i' — Qk^T^X ° Qk,k',i,i' 

on X n Qk,i n Qk',i', 

,1/2 / (9) ,1/2 / (1)' ,1/2 (9) ,1/2 (1)' ,1/2 / 

(Pk,z,j°Qk,k',i,i'07^X = (Pk,i,j°^X = 9k,i,j = (Pk,z,j°Qk,k%i' = 4>k,i,j°^X°Qk,k',i,i' 

on X n Qk,i n Qk',i' for 4>k,i,j\Qk,inQi^> i> ^ ^k,k'i,i', 
hence by embeddingness of {qk\Qk,i, (l>lilv - ' 4>k,ln-k) 

(5) ' Qk,k',i,i' ° T^'x ^ '^'x ° Qk,k',i,i' on X nQk,^f^Qk',i'■ 
By assumption, (6)o and (7)o hold. Then by (4) and (5) 

(6) x Qk°Qk'=Qk on X nQkHQk' ioT k < k', 

(7) x 

^k% ° Qk' = 4>k,lj on X n Qk,i n Qk',i' for k < k' and 0fc,i,j|Qfe,inQfc,,,, e ^k,k',i,i'- 
Hence by the same embeddingness as above 

(10) Qk,k' — Qk' on X nQk,ir]Qk', i'- 
Compare qk,k'MA qk,k' MA' (2) and (3) 

Qk,k'M,i'i — Qk,k',ii,i'2 Qk,ii H Qk',i'^ H Qk',i'^, 

Qk,k',ii,i'2 = Qk,k',i2,i'2 on Qk,ii n Qk,i2 H Qk',i'^: 
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Therefore, we have semialgebraic submersions qk^k> : Qk^Qk' Xk' — Xk'-i, 
k < k', such that 



(4)' / o qk,k' = f on Qfc n Qk' , 

(8) qk°qk,k' = qk on QkOQk', 

1 /2 1 /2 

(9) ° ^k,k' = (l>k\i,j on Qk,i n Qk',i' for (l>k,i,j\Qk,inQ^,y e ^k,k',i,i', 

(10) qk,k' = Qk' on X nQkCiQk'- 
We want to shrink the QkS and modify the g^'s keeping (4) and (5) so that 

(11) qk,k' = Qk' on Qk n Qk' for k < k' . 



We proceed by double induction. Let m < /ci < A;2 < n e N, and assume that 

(11) holds for k < k' < k2 and for ki < k < k' = k2. Fix qk and k < k2. 
Then we need to modify qk^ so that (11) holds for k = ki and k' = k2. Let ^ 
be a semialgebraic function on M — Xk^-i such that < ^ < 1, and ^ = 1 
outside of a small open semialgebraic neighborhood Q'j^^ (c Qfci) of Xk^ — Xk^-i 
in M — Xk^-i and moreover ^ = on a smaller one Q^'^. Shrink Qfca and define a 
semialgebraic submersive retraction : — > Xa;2 ~ Xk^-i by g^^ = qk^ on 
Qfea — and for a; e (5a;2 ^ Q'kxi 1^2^"^^ ^® orthogonal projection image 
of ^{x)qk2{x) + (1 - C(a^))9fci,fe2(^) e to the Nash manifold Xk^ifix)) - Xk^-i- 
Then satisfies (4) and (11) for k = ki, k' = k2 and for Qk replaced by Q'^^, the 

map {q'k,\Qu^,i,(pli\i, ■■■,(l)lil,n-k2) '■ Qk2,i (^fc2-Xfe2_J xR^-'^^ continues to be 
a semialgebraic embedding if we shrink Qk2,i (of course, fixing Q/ca.iHXfcg), g^^ = 
gfc2 on XnQfca by (10), hence (5) for g^^ holds, and g^^ = g^a on Qk2^^k^<k<k2Qk 
for the following reason. Let ki < ks < k2. It suffices to see that qki,k2 — 5fe2 on 
Qki n Qfc2 Qks, which is equivalent, by uniqueness of qk^,k2i 

(12) g/ci o qk^ = qki on Qk^ D Qk2 n Qfca , 

(13) </'fc(^i, J o qk2 = (pliXj on Qk,,n n Qfc2,i2 n Qfca 

for il,i|Qfej,ijnQfe2,i2 ^ ^fel,fc2,il,i2- 

By (8) for k = ki and /c' = k^ and for k = k^ and /c' = /c2 

qki ° qkiM = Qki on Qk^nQks, 
qks o 9/03,^2 g/ca on Qk2 n Q^g- 

By (11) for k = ki and /c' = ks and for k = ks and /c' = /c2 

Q'fci.fea = qka on Qk^ nQks, 

qksM = qk2 on Qk^ nQks- 

Hence 

(14) gfci o gfcg = 9a;i on Qfc^ n Qfcg, 



('1 c^ 



34 



GOULWEN FICHOU AND MASAHIRO SHIOTA 



Therefore, 

(12) o qf,^ o o o Qf,^ q^^ on Q^i n Qk^ O Qk^. 

We can prove (13) in the same way because if Qki,ii H Qk2,i2 ^ Qk3,iz 7^ then 
*fei,fc2,ii,i2lQfei,.inQfe2,i2nQfc3,,3 is the disjoint union oi ^kiM,ii,h\Qk^,i^f^Qk2,i2^Qk3,i3 
and ^fc3,fe2,i3,i2lQfei,iinQfc2,i2nQfc3,i3- Thus the induction process works, and we as- 
sume that (11) is satisfied. Consequently, the foUowing controUedness conditions 
are satisfied by (8), (9) and (11). 

(6) qk o gfe' = Qk on Qk n Qk' for k < k' , 

(7) 

<i^fc£ ° Ik' = 4>l% on Qk,i n Qk',i> for k < k' and 4>k,i,j\Qk,inQ^:,^i, e ^k,k',i,i'- 

It remains to construct qk on Qk{0). First define r as above, i.e., for {x,y) e 
Qk{0) with small dis(a:, y), let r(a:, y) denote the orthogonal projection image of x to 
Xk{0)-Xk-i. Set qk{x) ^ r{x,x) for X e Qk{0). Then qk : Qk{0) ^ Xk{0) - Xk-i 
are Nash submersive retractions. We need to modify them so that (6)o and (7)o 
are satisfied. This is clearly possible by the above arguments. 

Now we define W and w as in fact 3. Set W = U'^Z^^Qk and consider each Qk,i- 
Shrink Qk,i so that 

{t^X ° QkAl^lv-. (pliln-k)iQk,^) C {Qk, (pliln-k)iQkA^))- 

Then for each x e Qk,i there exists a unique y e Qk,i{0) such that 

ilk, (Pk,li, -, <l>k,ln-k)iy) = i-^'x ° Qk, (Pk,ll: <Pk,ln-k)i^)- 

The correspondence tf^^ from x to y is a semialgebraic map such that Wk,i = 
i^k,i^ fQk,i) '■ Qk,i Q/c,i(0) X R"^ is a semialgebraic embedding by (4), tu^ • = 
tt'x on X f] Qk,i because 

((Ik, (t>kli, -, (t>kln-k)°^'x{x) (tt^ o qk, ct)]Jl^, (/>i^^^_fc)(a:) for x eXn Q^^^, 

and ■?^fcj|Qfci(o) = id by (4) and by the equality tt^ = id on X{Q). Hence it 
suffices to see that w'k j = w'j^, ■, on Qk,i H Qk',i,- This is clear by (2) ii k = k' and 
Qk,i(^Qk',i' 7^ 0- Assume that k < k' and Qk,i^Qk' ,i' 7^ 0- By (3) we suppose that 

<^fc(i',i = ^I'lj+k'-k on Qk,^ n Qk',v, j = 1, ■■■,n- k'. 
Then by the definition of w'k ^ and w'k, ^, we only need to show that 

Qk' o w'k^i =^x° Qk' on Qk,i fl Qk',i' , 

which is equivalent to 

Qk o qk' o w'k^i = qkon'x o Qk' on Qk,i n Qk',i' and 



ANALYTIC EQUIVALENCE OF NORMAL CROSSING FUNCTIONS 



35 



We have 

/ (6) / / (6) ; (5) , 

qk o qk' o ■ = qko Wf^ ^ = ttx o q^ = iTxoqkO qf., = q^o-RxO qw , 

^1/2 / 0) ,1/2 / ,1/2 (7) ,1/2 (1)' ,1/2 , 

j = l,..,A;'-fc. 

Thus we have completed the proof of fact 3 and hence of the construction of tt^ = 

Next we wiU extend tt^ to a neighborhood of f~^{Bi) in M . Let rji -.Ui ^ Bi be a 
semialgebraic submersive retraction of a small semialgebraic open neighborhood 
of Bi in R^. Then we only need to lift 77^ to a semialgebraic submersive C' retraction 
rji : f~'^{Ui) f~^{Bi) sothatf7~^(XA;) = X]^r\f~^{Ui) for each A; and Tr^o^j = tt^ 
on X n f~^{Ui) because if fji exists, the map f~^{Ui) 3 x ^ {ti[o f]i{x), f{x)) G 
M{bi) X Ui is the required extension of TTj. We proceed by two steps. First we define 
?7j on X n f~^{Ui) and then extend it to f~^{Ui). 

The first step. We can assume 6j = 0. Then tt^ = tt^ on X r\ f~^{Bi). Hence 
there exists a unique semialgebraic diffeomorphism fji^y from X fl f^^{y) to 
X n f~^{r]i{y)) for each y E Ui such that tt^ o ry^ = tt^ on X fl f~^{y). Define 
f] : X n f~^{Ui) X r\ f~^{Bi) by fji{x) = fjij(^x){x). Then fji satisfies the 
requirements. 

The second step. Since Bi is Nash diffeomorphic to a Euclidean space we can 
regard Ui as Bi x R"^ and 77^ as the projection r]i : Bi x — > Bi, where 
m' — m — dimSj. Then we define Tji on /"^(Bi x R^ x {0}) by induction on 
k — 0, ...,m'. For that it suffices to consider the case m' = 1. Moreover we replace 
R of i?i X R with the circle — {x e K'^ : \x\ = 1} as follows. Let Ui : ^ K 
be a Nash function such that is a regular value. Let fji : x R — > R be the 
projection, M be the fiber product oifjiO f : f~^(Ui) — > R and a;^ : 5'^ — > R, X be 
the inverse image of X U f~^{Bi x {0}) under the induced map uji : M ^ M and 
/ : M Bi be the naturally defined projection. Then Af is a Nash manifold, / is 
a proper Nash map, X is a normal crossing Nash subset of M, and the conditions 
in the lemma are satisfied for X, M and /. Define a map tt^ ^ = (tt' ^, /) : X ^ 

(X n /"^O)) X so that tt'x o (Dj o tt^ ^ = Ti'x o uji . Then tt^ ^ is a uniquely 

determined Nash diffeomorphism, tt' ^ = id on X fl / ~^(0), and by fact 3 the map 

TT^ is extended to a semialgebraic embedding tTi = (tt^, f) -.Wi /~^(0) x Bi 

for some open neighborhood Wi of X in M. We can shrink Ui and Wi so that 
f~^{Ui) = Wi since / is proper. Hence it remains to consider the problem of lifting 
rji only on r7i|,y-i(o) : ^~^(0) — ^ {0}. Namely the problem is reduced to the case 
where Bi = {0}. This case also follows from fact 3. Thus tt^ is extended to f~^{Ui). 
We keep the notation tTj for the extension. 

For the construction of n we need to modify and paste tt^ together. This is what 
[C-S2] proved. To be precise, [C-Si] proved local Nash triviality and [C-S2] proved 
that the local Nash triviality implies the global Nash triviality. They treat the case 
without X. However, the proof in [C-S2] works in the case with X (see also the 
proof of Theorem n.6.3, [S3]). Thus we obtain tt and complete the proof of lemma 
4.5 in the Nash case. 
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Note that the above proof shows that the lemma still holds if M is a Nash mani- 
fold with corners and if the restrictions of / to strata of the canonical stratification 
{Mfc} of dM compatible with X are also submersions onto R'". Here the canonical 
stratification {M^} compatible with X is defined as follows. For a semialgebraic 
set S", let Reg S denote the subset of X consisting of points x such that Sx is a 
Nash manifold germ of dimension dimS'. Then M^-i = Reg(5M — X), Mn-2 = 
Reg{dM - Mn-i), Mn-3 = Reg{dM - M„_i - Mn-2), ■■■ Note that {Mk} is a 
stratification of dM into Nash manifolds of dimension /c, that X fl dM is the union 
of some connected components of Mq, M^-i, and the method of construction of 
{Mk} is canonical. 

Lemma 4.6. Let M be a non-compact Nash manifold contained and closed in Ti^ 
and X a normal crossing Nash subset of M. Let B{r) denote the closed ball in 
with center and radius r e R. Then there exists a Nash diffeomorphism 
T : M ^ M nlntB{r), for some large r, such that t{X) = X n Int B{r). 

This does not necessarily hold in the analytic case. 

Proof of lemma 4-6. Assume that M is of dimension n. Set Xn — M — X. Choose 
r so large that the p\xi-B{r/2) are submersions onto (r/2, 00), where {Xi : i = 
0, ...,n — 1} denotes the canonical stratification of X and p{x) = for x G M. 
Then by lemma 4.5 there exists a Nash diffeomorphism p : M — B{r/2) — > (S fl 
p~^{r)) X (r/2, 00) of the form p = {p',p) such that p'{X — B{r/2)) = X np~^(r). 
Let a : (— cxd, r) — > R be a semialgebraic diffeomorphism such that a = id on 
(—00, r/2), where I is a sufficiently large integer. Set 

Jo: for X G M n B{r/2) 

ro{x) - I p-i^pi^^-^^ ^-1 o p^x)) for a; G M - B{r/2). 

Then tq is a semialgebraic diffeomorphism from M to M fl Inti?(r) such that 
tq{X) = X n Int B{r). We only need to approximate tq by a Nash diffeomorphism 
keeping the last property. Let tt : M — > M n Int B{r) be a Nash approximation of 
To in the semialgebraic topology. Replace tq with tt o Tq~^. Then what we prove 
is the following statement. 

Let M be a compact Nash manifold with boundary in R^, let X be a normal 
crossing Nash subset of M with dM <f_ X, and let fo be a semialgebraic C' diffeo- 
morphism of Int M arbitrarily close to id in the semialgebraic C' topology such that 
To (X flint M) is a normal crossing Nash subset of Int M . Then we can approximate 
To by a Nash diffeomorphism f of Int M in the semialgebraic topology so that 
f(X n Int M) = fo(X n Int M). 

We proceed as in the proof of step 1, theorem 3.1,(1). Let {Xj : j = 0, n— 1} 
denote the canonical stratification of X and set X„ = M — X. By induction, for 
some z G N, assume that 'Tolui-ix^nintM class Nash. Let I' G N. Then 

it suffices to choose I large enough and to approximate tq by a semialgebraic 
diffeomorphism r of Int M in the semialgebraic topology so that f(X flint M) = 
fo(X n Int M) and 

^lu* X nint M class Nash. Let X denote the sheaf of A/"- 

ideals on Int M defined by U*~ qXj Hint M. By theorem 2.7, the sheaf X is generated 
by a finite number of global cross-sections ^1, of X. Then to\^jx~i is 

— i- uO/T„j- tCt \r/T\N u,. — ™„ • j-i,„ e • „j- — 1 
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Hence by theorem 2.8 we have a Nash map /j, : IntM — > such that h = tq 
on U*~qXj n Int M. Here we can choose h to be sufficiently close to tq in the 

semialgebraic C'' topology for the following reason. It suffices to see that tq — h is 
of the form Yl'j=i ^jPj ^'^^ some semialgebraic C'' maps Pj : Int M — > because 
h + Yl'j=i ^jPj fulfills the requirements, where Pj denote Nash approximations of 
Pj in the semialgebraic topology. Hence we will prove the following statement. 
Let P he a semialgebraic C' function on Int M vanishing on U*~ fl Int M. 

Then P is of the form X] j=i l^j^j some semialgebraic functions Pj on Int M. 

By the second induction, assume that the statement holds for manifolds of di- 
mension strictly less than n. The problem is reduced to the Euclidean case as 
follows. There exists a finite open semialgebraic covering {Og} of IntM such that 
each {Og, OsflX) is Nash diffeomorphic to (R", {{xi, Xn) G R"' : xi - • ■ Xn^ = 0}) 
for some G N. Let {?7s} and {1]'^} be a partition of unity of class semialgebraic 
subordinate to {Og}, and semialgebraic functions on IntM, respectively, 
such that = 1 on supp?7s and supp?]^ C O^. If each (/3?7s)|os is described 
to be of the form Pj,sCj\Os fo^ some semialgebraic C' functions Pj^g on Og 
then the naturally defined functions Ylis (^j^s'u's-i 3 = 1, /c, are semialgebraic 
C'' functions on IntM and P = "^ji^g Pj,sVs)^j- Hence we can assume that 
(IntM,IntM n X) = (R*^, {xi ■■■x„> = 0}) for some n' e N, and then n' > 0. 
Apply the induction hypothesis to P\{xi^o}- Then there exist semialgebraic C'^ 
functions Pj on R"~^ such that 

k 

P{0,X2, ...,Xn) = ^/3j{x2, ...,Xn)^j{0,X2, 

because T||2.^^o} is the sheaf of A/'-idcals on {xi = 0} defined by U*~QXj fl {xi = 0} 
(here Zi > is arbitrarily given and / depends on /i). Regard naturally Pj as 
semialgebraic C'^ functions on R"^ and replace P with P — Ylf^jCj- Then we can 
suppose that /? = on {xi = 0} from the beginning. Under this assumption P/xi 
is a well-defined semialgebraic C^'^~^ function. Consider P/xi and {x2 ■ ■ -Xn' = 0} 
in place of P and {xi ■ ■ ■ Xn' = 0}, and repeat the same arguments for {x2 = 0} and 
so on. Then we finally arrive at the case X = 0. Thus the statement is proved, and 
h is chosen to be close to fo in the semialgebraic topology. 

Set y = fo(X n Int M) and Yj = fo{Xj n Int M). Then Y is a normal crossing 
Nash subset of IntM, the set {Yj : j = 0, n — 1} is its canonical stratification, 
and y is a normal crossing semialgebraic C' subset of M in the sense that M has 
a semialgebraic C' local coordinate system (xi, at each point of dM with 

Y — {xi > 0, X2 ■ ■ ■ Xn' — 0} for some n' > G N by the definition of semialgebraic 
topology. Hence there exists a tubular neighborhood Ui of 1^ in R^ such that 
for some e > G R 

Ui = UyerAx G R^ : |a; - y| < edis(y, U^y,), {x - y) ± TyYi}. 

Let Qi : Ui Yi denote the orthogonal projection. Choose h so close to fo that 

h( X, n Tnt M") r TI, TVifn n h\ . - _ - is a NnsVi mar> tn I ll ^V, plnsfl tn 
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"^olu* gXjnintM semialgebraic topology. Note that the map is a diffeomor- 

phism by Lemma II. 1.7 in [S2]. Hence it remains only to extend it to a semialgebraic 
C' approximation f : Int M — > Int M of tq in the semialgebraic topology so that 
f{X nintM) = Y. However, we have already proved it without the last condition. 
Moreover, the proof shows also that the condition is furnished inductively. Thus 
we complete the construction of r. □ 

Lemma 4.7. Let f and g be Nash functions on a Nash manifold M which have 
the same sign at each point of M , only normal crossing singularities at the common 
zero set X and the same multiplicity at each point of X . Let / G N. Then there 
exists a Nash diffeomorphism tt of M such that 7r{X) — X and f — gow is l-flat at 
X. 

If f is fixed and g is chosen such that the Nash function on M, defined to be g/ f 
on M — X , is close to 1 in the Nash topology, then tt is chosen to be close to id in 
the Nash topology. 

Proof of lemma J^.l. Let M C R"^, set n = dimM and let I be sufficiently large. 
For each A; (< n) G N, let X^ denote the union of the strata of the canonical 
stratification of X of dimension less than or equal to k. By induction, assume that 
f — g is Z-flat at Xk_i for some k. Then we need only to find a Nash diffeomorphism 
TT of M such that tt — id is Z-flat at Xk-i, such that 7r(X) = X and f — goir is Z-flat 
at Xk (to be precise, we will construct tt so that tt — id and f — g o tt are Z'^^^-flat 
at Xk-i and X^, respectively, for some 

We proceed as in the proof of lemma 4.5. Let {M,X) and {Mk,Xk) be pairs 
of Nash manifolds and Nash submanifolds, let p : M — > M and pk '■ Mk —>■ M 
be Nash immersions and let : — > Xj^ be a Nash submersive retraction such 
that dimM = dimM/, = n, the equalities p{X) = X and pk{Xk:) = X^ hold, 
and moreover p|x-p-i(x„_2) Pk\x^,-p-\Xk-i) injective, and Pk{q.k^{Xk n 
p^^(X;;_i))) C X. Shrink if necessary. Then we have an open semialgebraic 
neighborhood U of Xr\p~^{Xk) in M and a Nash (n — /c)-fold covering map r : U 
Mk such that pk^r = p on U. Let (phe a, Nash function on M with zero set X which 
is, locally at each point of X, the square of a regular function. Then (f){r~^{x)) 
is a family of (n — /c)-numbers possibly with multiplicity, for each x G Mf~, and 
there exist Nash functions (pk,!, ■■■i 4'k,n-k on cin open semialgebraic neighborhood 
of each point of Mk such that (j){r~^{x)) = {</>A;,i(ic), '^k,n-kix)} for x in the given 
neighborhood. For simplicity of notation, we assume that 0fc^i(x), 4>k,n-k{x) are 
defined globally, which causes no problem because the following arguments are 
done locally and do not depend on the order of ^^^(x), ..., 4>k,n-k{x). Moreover, 

~ ~1 /2 

we suppose that each (j)k,i is the square of a regular Nash function, say , by the 

same reason as above. Set fk — f ° Pk and gk — 9 ° Pk- 

We want to construct a Nash diffeomorphism -Kk between semialgebraic neigh- 
borhoods of Xk in Mk such that 7ffe(p^"^(X)) C p^^(X), such that TTfe— id is Z"-flat at 
q'^^ (Xkr\p'^^ (Xk-i)) and fk — 9k°T^k is Z"-flat at Xk- Assume that Xk is connected 
without loss of generality. Since fk and gk have only normal crossing singularities at 
p^^{X), the same sign at each point of Mk and the same multiplicity at each point 

ofp^\X), and since f^iO) = ~g^\0) = VJ'lI^ {4>]/-)-\^) U n 

1 M„„l, m ] — 7\/f ] „ f „. „ \ ^ /TVT r^^^7^— fc 
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such that the equahties fk — and gk = G4>]/'^'^ hold, such that FG > 

on Mk and FG > on - q-\Xk np^\Xk-i)), where 0^/'" = 117=1^1^'- 
Assume that F > and hence G > (the other cases can be proved in the same 
way). Note that F and G have zero set q^^{Xk np^^(Xfc_i)), which has only 
normal crossing singularities and has the same multiplicity at each point. Shrink 
Mk so that the map (g^, 4>kn-k) • x R"~'^ is a Nash embedding 

and let V denote its image. Identify and with V and X^ x {0} through this 
embedding, set pk = Pk\x^, regard pk as an immersion of V into M and fk and gk 
as functions on F, and let (2;, y) — {z,yi, yn-k) ^ V G Xk x R"'"'^- Then 

fk{z, y) = F{z, y)y'^ and gk{z, y) = G{z, y)y'^. 

Set 

= and = 

where N^*-'^ = {/5 e N"-'^ : |/?| < and /3! = TlITi^A!- Then and g'^ are 
Nash functions on F, moreover /fc — and gk — g'k are Z-flat at Xk x {0}, and F' 
and G' have the same properties as F and G. Hence for the construction of Tffc, 
we can replace fk and gk with and An advantage of and is the fact 
that (*) F' - G' is /'-fiat at V n (Xfe-i) x R"-'^, though F - G is /'-flat only at 
X {0}. Write 

n—k n—k 

1=1 i=i 

Then there exists a unique Nash diffeomorphism Tfk between semialgebraic neigh- 
borhoods of Xk X {0} in V of the form TXk^z.y) = [z , ti'^{z , y)y) , for some positive 
Nash function tt^ on the neighborhood of source, such that f'k — g'k ° ^k on that 
neighborhood. Actually, we can reduce the problem to the case where g'k = z^y"^ 
for some (3 e N'^ and some local Nash coordinate system z = {zi, ...,Zk) oi Xk such 
that p'^^{Xk-i) = {z^ = 0} (by considering two pairs (/^,2^y") and {g'j^, z^y°')) 
and then 7v'i^{z,y) = (F'/^^)^/'"' is the unique solution. Such a Ttk fulfills the re- 
quirements. Indeed, nkiPk^i^)) ^ p^^(X) by the form of nk because p^^(X) in V 
is of the form Xk x {yi ■ ■ ■ yn-k = 0} Up^^(Xfc_i) x R"'"'^, because ivk — id is /"-flat 
at V (1 p'^^{Xk-i) X R"'"'' because of (*), and fk — 9k ° ^k is /"-flat at Xk x {0} 
because 

fk-9k°T^k = ilk - fk) + ifk -9k° *k) + [g'k °T^k-9k° Tffc). 

Let W be an open semialgebraic neighborhood of Xk — Xk-i in M so small that 
there exists an open semialgebraic neighborhood of (Xk — p^^{Xk-i)) x {0} in the 
intersection of the domain of definition of Tffc and the range of values to which the 
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TTk : W ^ M G W such that 7rk{X DW) C X, such that Wk = id on X^ - Xk-i 
and f — g oTTk is /"-flat at Xk — Xk-i- Though tt/c is not necessarily extensible to 
a neighborhood of Xk, there exists a Nash map rj : M ^ such that 77 — id is 
/"-flat at Xk-i, and rj — iik is /"-flat at — hence f — gorjis /"-flat at for 

the following reason. Let X denote the sheaf of A/'-ideals on M defined by X^ ■ Then 
by theorem 2.8, it suffices to find an element rj in H^{M,J\f /l'' )^ such that fj^ is 
the image of TTkx under the natural map A/"" — > (jV-s/X^ )^ for x E W and fj^ = id 
for X e Xk-i- This is possible because Tffc — id is /"-flat at V r\p^^{Xk) x R"~'^. 

We modify yffc to show that r] can be a diffeomorphism of M. Assume that 
(**) ^'k — ^ simplicity of notation, which is possible if we consider a third 
function h on M with the same properties as / and g, with h/ f > 1 onM — X and 
h/g>lonM — X. Let be a non- negative small Nash function on X^ with zero 
set p^^{Xk_i) such that 



Z = {{z, y)eXkX W-'' : \y\ < i/;{z)} C domain of fk, 
(3,) tife.,)>|55i^.| 



for {z, y, s) e Xfc X R"' x R with {z, sy) e Z and \y\ = 1 

and pk\z is injective, which exists by the Lojasiewicz inequality. Let p{t) be a 
semialgebraic function on R such that (4*) < p < 1, such that (5*) ^ < 0, 
and moreover p = 1 on (—00, 1/2] and p = on [1, 00). Set 



1 for {z,y)eZnp^\Xk-i) 

pi\y\/^Piz))7r'^iz,y) + 1 - pi\y\/i^iz)) for (z.y) e Z-p^\Xk-il 
hiz, y) = {z, fl(z, y)y) for (2;, y) e Z. 



Then and hence ffc are of class semialgebraic C''^' and ffe — id is /^^^-flat at 
Znp-\Xfc„i) =p-i(Xfc_i)x{0} since 7f;;(2, y) - 1 is (/"-l)-flat at Znp-^(Xfe_i). 
Clearly = id on a semialgebraic neighborhood of dZ—p^^{Xk-i) in Z. Moreover, 
ffe is a diffeomorphism of Z. Actually, wc can assume that n— /c = 1 because = yffc 
on a neighborhood of {Xk ~ Pk^{^k-i)) x {0} in Z and because Tffc and hence ffe 
carry each segment {2;} x {Ry} Pi Z for {z,y) e (Xfc -p^^(Xfc_i)) x R"'"'^ with 
\y\ = 1 to itself. Then 

^» = fit.. + f 

(**),(4*) 

r'kiz,y) = pi\y\/ipiz))7tkiz,y) + l- p(\y\/i;(z)) > 7tkiz,y), 

Bt' d n Btt' (**),(5*) 

-gfiz, y)y = -^{\ymz)){7r'k{z, y) - + p{\ymz))^{z, y)y > 

dfc' 

P(l2/|/V'(^))-^(^,l/)y, hence 

df!(z v)v Btx', (3*), (4*) 

'\ ' ^'^ > Kiz. y) + p(\y\Mz))^(z^ y)y > ior iz^y) e Z. 
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Define a semialgebraic C diffeomorphism of M so that T^opk — Pk° ^fc on 
Z and T/c = id on M — p)~(Z). Then = tt^ on Z if we shrink Z, hence — 77 is 
Z(^)-flat at Xk and rfc(X) = X and moreover f — g oTk is Z'^'^^-flat at X^. Let a; be 
a non- negative- valued global generator of the square of X — the sheaf of AT-ideals 
defined by Xk- Then there exists a semialgebraic C'' ' map ^ : M — > such that 
Tk — r] = u>$,. Approximate ^ by a Nash map ^' in the semialgebraic C^*^ ' topology, 
and set tt = (77 + lo^') o o, where o denotes the orthogonal projection to M of its 
semialgebraic tubular neighborhood in R-'^. Then tt is a Nash diffeomorphism of 
M such that tt — id is Z^^^-fiat at Xk-i and f — g o n is /(^^-flat at Xk- We can 
modify tt so that 7r(X) = X in the same way as in step 1 of the proof of theorem 
3.1,(1) and lemma 4.6, because tt is an approximation of and Tk{X) — X. Thus 
we complete the proof of the former half of lemma 4.7. 

The latter half automatically follows from the above proof (though (**) does 
not necessarily hold, tt^ is close to 1 in the Nash topology, which is sufficient to 
proceed) . □ 

Note that our proof of lemma 4.7 also works when M, / and g are of class C"^ 
and the multiplicities of / and g are bounded. 

The following lemma is also a globalization of Chapter II, Proposition 2 in [T] 
and shows sufficient conditions for two functions to be right equivalent. 

Proposition 4.8. (i) Let f be a function on a manifold M. Let Vi, for 
i = 1, ...,k, be C"^ vector fields on M, and I denote the ideal ofC°°{M) or C'^{M) 
generated by Vif , for i — 1, k. Let 4> be a small C°° or function on M 
contained in in the strong Whitney C°° topology. Then f and f + (f) are C°° 
or right equivalent, respectively, and the diffeomorphism of equivalence can be 
chosen to be close to id in the same topology. 

(a) If f, M and vi are of class Nash or C°° or , and cj) is of the form 
j^i 4>i,3'^if • ■^j/ for some small Nash or C°° or functions in the Nash 
or (strong) Whitney C°° topology, then f and / + are Nash or C°° or right 
equivalent, respectively, by a Nash or C°° or diffeomorphism close to id in the 
same topology. 

(Hi) Assume that M is a Nash manifold and f is a Nash function on M with only 
normal crossing singularities. Set X = f~^{f{Singf)). Let cj) be a Nash function 

on M r-flat at X for some large r G N. Then there exists a Nash diffeomorphism 
TT : Vi — > V2 between closed semialgebraic neighborhoods of X in M close to id in 
the semialgebraic topology, for < r' (-C r) G N, such that f o n = f + (f) 
on Vi, such that tt — id zs r' -flat at X, and tt is extensible to a semialgebraic 
diffeomorphism of M. 

Proof of proposition 4- 8- Consider the analytic case. We want to reduce (i) to 
(ii). For a while we proceed in the strong Whitney topology. By lemma 
1.12 for (/) in (i), there exist small (pij G C^(M), for i,j = 1, ...,/?, such that 
(j) = Yl^ j=i^i,j'^if ' '^jf- Consequently, (i) is reduced to (ii). From now on, we 
work in the Whitney topology for any r > G N (though we can do in the 
strong Whitney C°° topology). We can assume that M is open in its ambient 
Euclidean. Actually, let p : M — > M denote the orthogonal projection of a tubular 
neighborhood of M in its ambient Euclidean space. Assume that proposition 4.8, (ii) 
in the analytic case holds for M. The map C"^(M) 9 * \1/|m e C^i^M) is 
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C°°(M) with ^ = 1 on M and C = outside of a small neighborhood of M in M. 
Then the map ^C^iM) 9 ^ C*|m e C"^(M) is open because for V e C"^(M) 
and for \&o e C°°(M), we have t/; o p e C"^(M) and • ip op)\m = ip and the map 
C"^(M) 9'i/'^^-V'op + - ^ ■ *o|m o P e ^C"^(M) is continuous and carries 
^o\m to ^\l/o- Hence for small if; e C"^(M), there exists small G ^C"^(M) such 
that ^'Im = '0- Approximate ^ by an analytic function ^' on M so that ^' — 1 
on M. Then is analytic on M, close to and hence small since the map 
C°°{M)^ 3 {a,P) aP e C°°{M) is continuous, and C'*|m = V'- Consequently, 
the above restriction map ^ ^'Im is open by linearity. Let Vi, for i = 1, k, he 
vector field extensions of Vi io M, and cj)i^j extensions of (pi^j to M so small 
that fop and f op + Yl'l j 4>i,j^i^f °P) ' ''^jif °P) satisfy the condition in proposition 
4.8, (ii) and hence are right equivalent by a diffeomorphism n close to id, 
i.e., 

k 

f opojt = f op+ 4>i,jVi{f o p) ■ Vj{f o p) on M. 

Set TT = p o TT |m- Then tt is a diffeomorphism of M close to id, and 

k 

/ O TT = / + (pijVif ■ Vjf. 

Thus proposition 4.8, (ii) is proved for M. Hence we assume that M is open in R"'. 
Next we can suppose that k = n and Vi = for i = 1, n, because each Vi 

is written as Yl^=i some functions aij on M. 

Let rj denote the function on M which measures distance from dM =^ M — M (if 
dM = then set rj = +oo). Set V = {{x,y) e M x R"' : \y\ < r]{x)} and consider 
the function 



^ df 



9{x,y) = f{x + y) - f{x) ^2^yi-Q—{x) for {x,y) = (xi, a;„, yi, y^) e V. 

Then ^ is a global cross-section of the sheaf of O-ideals X onV generated by yiyj, 
for i,j = l,...,n. Hence applying theorem 2.3 to the surjective homomorphism 

3 (aij) Yl7,j=i (^hiViVj e 2: we obtain C"^ functions gij on V, i,j = 1, n, 
such that g{x,y) = Yli,j=iyiyj9i,j{x,y)- Then 

(*) f{x + y) = f{.x) + Yyi-Q^.^^)+ yiyj9i,j{x,y)- 

i=l * ij=l 

2 

Let a = [aij)i,j=i,...,n be new variables in R" , set 

{a,df) = (Xl«^i^(^)'-'Zl°^^-^(^))' 

i=l * i=l * 

2 

and let W he a small open neighborhood of M x {0} in M x R"^ such that 



/„. ^ -c — „A ^ Ti/ 
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Take y to be (a, df) in (*). Then 
f{x+{a,df)) = 

i,j * ^ i,i',j,j'=l * ^ 

for functions Gi'j'{x,a) = gi'j'{x, {a,df)) on W. Consider the map 

n 

E2 
ai^i>ajj'Gi/j'{x,a)) e M x R" . 

i',j'=i 

Then B is id and regular at M x {0}. Hence, shrinking W, we assume that B 

2 

is a diffeomorphism onto an open neighborhood O of M x {0} in M x R"^ . Set 
B{x,a) = {x, Bij{x,a)), and B~'^{x,P) = {x,A'{x,P)) for {x,P) e O. Then A' is 
a C"^ map from O to R" , 

f{x+{a,df)) = f{x) + J2B,j{x,a)^{x)^{x) for {x,a) e W, 

f{x+{A'{x,P),df)) = fix) + J2p,j^{x)^{x) for {x,P) e O. 

Choose $ = so smaU that its graph is contained in O. Then 7r(x) = 

X + (^'(a;, $(a;)), 5/) fulfiUs the requirements in (ii). Here if are small in the 
Whitney C"^ or the strong Whitney C°° topology, tt is close to id in the respective 
topology. 

If /, M and Vi are of class and if (f) is of class C°°, the same arguments as 
above work and the diffeomorphism of equivalence is of class C°°. Thus we complete 
the proof of (ii) in the analytic case. Point (ii) in the C°° or Nash case follows also 
from the same proof. The difference is only that the existence of C°° or Nash gi^j 
follows from a partition of unity of class C°° or theorem 2.8, respectively. 

Consider (iii). Assume that M is not compact. Let M be embedded in a Eu- 
clidean space so that its closure is a compact Nash manifold with boundary. Now, 
we consider an open semialgebraic tubular neighborhood of M and extend / to the 
neighborhood as before. Then we can assume that M is open in R"^ and M is a 
compact Nash manifold with corners, and for the construction of tt it suffices to 
see that (h is of the form T^"", 4'i iw^w^ ^^r some Nash functions (hi on M r'-flat 
at X, where ^ r' <^ r G N. Actually, assume that there exist such (f)i^j. Then 
by the above proof, we only need to find small semialgebraic functions (t)[j on 

M in the semialgebraic topology such that 4>'i,j = 4>i,j some semialgebraic 
neighborhood of X for < r" < r' e N. 

Consider only the case r" = 1 because the general case can be proved in the same 
way. Set g{x) = na6/(x) (/(•^) ^^'^ /i be a Nash function on M extensible 

to a Nash function h on M such that < /i < 1/2, such that (1) \-^\ < 1, for 
k = 1, n, and h (0) = M — M, which exists since M is a compact Nash manifold 
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and = 1 on (—00, 1] whereas = on [2, 00). Then (p'-j — 4>i,jilj{g/h"^) fulfill 
the requirements for some m e N. Actually, Clearly 0^^^- = 0^^^ on a semialgebraic 
neighborhood {x e M : g{x) < h'^ix)} of X in M, and 0-^ = on {5r(a;) > 

2h'^{x)}. Hence we prove that each 0^ ^- is small on V =^ {gix) < 2h'^{x)} in the 
semialgebraic topology. Let e > G R. Let ^ denote the Nash function on M 
defined to be (pij/g'^ on M — X and on X . Then ^, and k = 1, n, 

vanish at X. Hence there exists a semialgebraic neighborhood 14^ of X in M where 

(2)|*.|<e,^ (3)||^|<1. (4)ltfl<.. 



By the Lojasiewicz inequality, we have V C W for large m. Note that (5) g < 

dip 

dt 



l/2"^-i on V since h < 1/2. Set c = max |^|. Then on V 



dxk ^^h^'^ - ' 



, , ^ 9 ^ ^ ,.m^^^ c\(piA bydef. oiv 2c\(piA (2). (5) 
^^'^dt^h^'dxk ~ h"^ - g - ' 

, , dib , q . dh , ™ , 1 (1) mc|(/)j , |g (2) ^ m+i , 1 (5) , 1 „ 
^^'^dt^h'^'dxk ~ h'^+^ - y - 

Hence 0' is small on 1/ for large m. 

It remains to find (jii^j. Let fC denote the sheaf of AT-ideals on M defined by 
X. Then is a cross-section of /C^ since is r-fiat at X and since X is normal 
crossing. On the other hand, Y.l=i ^ 

since / has only normal crossing 
singularities. Hence is a cross-section of Yl^j=i because of r' <^ r. Let 

gi, for I = 1, ...,/c', be global generators of /C^ (theorem 2.7). Apply theorem 2.8 
to the surjective jV'-homomorphism that assigns to (ai,^,/) £ N'a ^' ^' 1 

a e M, the value 

Then there exist Nash functions ^jj, for i,j = 1, ...,n, in H^iM,!^- ) such that 
= Yl7,j=i ^hj^^- I* follows that 0j,j are r'-flat at X. 
The case of compact M is clear by the above arguments. □ 

Proposition 4.9. ( Compactification of a Nash function with only normal crossing 
singularities) Let f be a bounded Nash function on a non-compact Nash manifold M 
with only normal crossing singularities. Then there exist a compact Nash manifold 
with corners M' and a Nash diffeomorphism tt : M — > Int M' such that f o is 
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The analytic case does not necessarily hold. 

We cannot necessarily choose M' with smooth boundary. For example any com- 
pact Nash manifold with boundary whose interior is Nash diffeomorphic to M = 
is Nash diffeomorphic to a closed ball in (Theorem VI. 2. 2 in [S2]). But there 
does not exist Nash function on a 2-sphere with only normal crossing singularities 
(see remark (v) after theorem 3.2). 

Extensibility of a Nash function to a compact Nash manifold with corners is 
shown in Proposition VI. 2. 8 in [S2] . Hence the problem is to impose to the extension 
to have only normal crossing singularities. 

Proof of proposition 4-9. Set n — dimM, and X = /~^(/(Sing /)), set = 
{x G R^ : \x\ < 1} for a positive integer and S^~^ = dB^ . Since there 
exists a Nash embedding of M into R^ such that the image is closed in R^, we 
can assume by lemma 4.6 that M C IntB^ , that M - M C that M is a 

compact Nash manifold with boundary, and moreover M intersects transversally 
with S^~^ in the sense that some Nash manifold extension M of M intersects 
transversally with 5"^"^, that X is a normal crossing Nash subset of M, and there 
exists a Nash function g on M with only normal crossing singularities such that 
g{^va.gg) — /(Sing/), the equality g^^{g{^m.gg)) r\ M = X holds, and such that 
g = f on X, for each a E X, g{x) — g{a) has the same multiplicity as f{x) — f{a) 
at a and g{h) > g{a) if and only if f{b) > f{a) for b G M. We do not know whether 
g\M is Nash right equivalent to /. We will modify M and g so that this is indeed 
the case and so that g\jj has only normal crossing singularities. 

Let be a polynomial function on R such that (f)~^{0) — /(Sing/) and is 
regular at (f)~^{0). Let r G N be large enough. Apply lemma 4.7 to </> o / and 
(j) o g\M- Then we have a Nash diffeomorphism ti of M such that ti{X) = X and 
foTi—g\M is r-flat at X. Hence replacing / with / on, we assume that f — g is r-flat 
at X. Next, by proposition 4.8, (iii) there exists a semialgebraic diffeomorphism 
T2 of M such that g — f 0T2 on a semialgebraic neighborhood y of X in M and T2 is 
of class Nash on V. We can choose V of the form {x E M : (fx^ o g(x) < c{x)^'^{x)} 
by the Lojasiewicz inequality, where ^{x) = (1 — |xp)/2 for x G M, where c is a 
positive Nash function on M such that c depends on only |a;| and m is a large odd 
integer. Shrink M so that ^ < on M — M. We can choose, moreover, c and 
m so that (j)^ o g — c^""^ is regular at A — S^~^, where A denotes the zero set of 
(j)^ o g — c^"^, and hence F is a Nash manifold with boundary {x E M : (f)^ o g(^x) = 
c{x)^'^{x)}. Actually, let < eo G R be smaU. Then for any < e G R with 
e < eo, ^~^{^) U ((/) o gf)~^(0) is normal crossing in M, and hence for small c and 
large m, the function cfP' o g on {x E ^~^(e) : < (/)^ o g{x) < 2c(,x)^'^} is regular. 
We can choose c and m independently of e. Therefore, cjp' o g — c^"^ is regular at 
^n^~^((0, eo)). Moreover, if we choose c and m so that is close to a small 
constant on M - C~H(0> eo/2]), then 4>'^ o g - c^"^ is regular at ^ - .^~H(0, eo/2]). 
Hence cj)"^ o g — c^'^ can be regular at A — S^~^. However, we omit c for simplicity 
of notation. We want first to modify M so that is a neighborhood of X in M. 

Apply theorem 2.10 to the two sheaves of A/'-ideals on M defined by (0o^)~^(O) 
and generated by ^ ■ {(j)^ ° g — C^)- Note that the former sheaf is normal crossing, 
the stalk of the latter is not generated by one regular function germ at a point of 
X — X only, and at least one of the two stalks of both sheaves at each x ^ X — X is 
Mx- Then we have a composition of a finite sequence of blowings- up T3 : M — > M 
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M — {X — X) is a Nash diffeomorphism and {(p o g ■ ^ ■ (0^ ° 9 — ^"^)) ° ts has only 
normal crossing singularities at its zero set, say Y. It follows that (M, Y,t^^{M)) 
is Nash diffeomorphic to (R"^, {{xi, x„) e R"^ : xi ■ • ■ Xn' = 0}, B) locally at each 

point of T^^(M) for some n' (< n) e N, where B denotes the closure of the union 
of some connected components of {xi ■ ■ ■ Xn' ^ 0}), and t^^(M) — t^^{X — X) is 
a Nash manifold with boundary. However, t^^(M) is not necessarily a manifold 
with corners. It may happens that t^^{M) is locally diffeomorphic to the union 
of more than one connected components of {(a;i, ...,Xn) G R"^ : Xi- ■ -Xn' 7^ 0} at 
some point of t^^{X — X), for < n' (< n) G N. Then we need to separate these 
connected components. That is possible as shown in the proof of Theorem VI. 2.1 
in [S2]. Namely, there exist a compact Nash manifold L with corners and a Nash 

immersion T4 : L ^ t^^(M) such that T4\L-singdL is a Nash diffeomorphism to its 
image and the image contains t^^{M) — t^^{X — X) (d t^^{M)). 

Clearly {(pog-^ - {4>'^°g — C^)) 0T3OT4 has only normal crossing singularities at its 
zero set t^^ (Y) since r4 is an immersion. Set r = T2 o T3 o T4 |int l and h = g 0T3OT4. 
Define W = [ts o T4)-\V) a.ndW' = W-dW and set Z = {ts o r^^^X). 
Then W is a non-compact Nash manifold with boundary; r is a semialgebraic 
diffeomorphism from Int L to M and of class Nash on W; h is a. Nash function on 
L] h = f o T on W; h is regular on IntL — Z; h\intLuW' has only normal crossing 
singularities at Z though h is not necessarily so globally; is a neighborhood of 
Z in L because if it were not, Z n (ts o T4)~^{{x ^ M : (fp- o g{x) — could 
be not empty and of dimension n — 2 but contained in (T3 o T4)~"'^(^~^(0)), which 
contradicts the normal crossing property of {(po g ■ ^ ■ {(fy^ ° g — ^^)) 0T3OT4. Note 
that W and W are Nash manifolds with corners by the next fact and the normal 
crossing property of ■ {(j)'^ ° g — ^"^)) o T3 o T4. Thus V is changed to W — a 
neighborhood of Z in L. We consider h on L in place of g on M. 

We replace r by a Nash diffeomorphism. Let <^ r e N, set = {(jf oh-^'^)oTzOT4 
on L and ip = V' I int l , and let X denote the sheaf of AT-ideals on Int L generated by 
i/j. Then we regard r as an element of H*^ {Int Af /T)^ because suppA/'/X = Z 
and T is of class Nash near there. Hence by theorem 2.8 there exists a Nash 
map t' : Int L — > R-^ such that r — r' — ipO for some semialgebraic map 
^ : Int L — > R^ of class Nash on W. Approximate ^ by a Nash map 9' : Int L ^ R^ 
in the semialgebraic topology, and set r" = po [r' + tpO'), where p denotes the 
orthogonal projection of a semialgebraic tubular neighborhood of M in R^. Then 
t" is a well-defined Nash diffeomorphism from Int L to M and close to r in the 
semialgebraic topology; / o r" — /i|int l = for some semialgebraic function 
5 on IntL though / o r" — /ijintL does not necessarily vanish on W-^ moreover, 5 
is extensible to a semialgebraic C" function 5 on Int L U W for <S r' (<S r) e 
N by the definition of the semialgebraic topology, by the fact that a small 
semialgebraic function on Int L is extensible to a semialgebraic C" function on 
L and by 

for"- /i|intL = f opo {t + i/j ■ {9' - 9)) - f opoT onW. 

The last equality implies also that 5 is of class Nash on W, and hence on Int L since 
/ o t" and h are Nash functions and '^"^(0) C W. 

Next we modify h. Let 5 be a Nash approximation on Int L U W of 6 in the 

— ;„ /^r' j- 1 — ] — j- j:/ T'i ] u/ u i „/.T' — t„j- ri iti// rpi 



ANALYTIC EQUIVALENCE OF NORMAL CROSSING FUNCTIONS 



47 



h' is a Nash function on Int L U W and has only normal crossing singularities at Z 
by the same property of h\i-atL\jW' and by the definition of h' , and f or" — h'\iatL is 
of the form • {S — S'). Hence / and h' o t"~^ satisfy the conditions in proposition 
4.8, (ii) because (p"^ ohor"~^ is of the form j^-^ tl^ijVfVjf for some Nash functions 
tfjij on M and Nash vector fields Vi, for z = l,...,/c, onM which span the tangent 
space of M at each point of M and because $.^\m ■ — S') o t"~^ is small as a 
semialgebraic C" function on M. Consequently, / and h' o t"~^ are Nash right 
equivalent, and we can replace / with /i'|intL- 

We can assume that W fl dL is the union of some connected components a of 
strata of the canonical stratification {L^} of dL such that a H Z 7^ 0. Actually, 
let tl^L he a, non- negative Nash function on L with zero set Z, and let e > G R 
be such that the restriction of i/^l to •0^^((O, 2e)) is regular. Then •0^^(e) is a 
compact Nash manifold with corners equal to dL fl ip2^{e). Let {L^^i} denote the 
canonical stratification of dLr\'ip2^{e). We blow up Lg^j as follows. Let L' and L' be 
a compact Nash submanifold possibly with corners of L and some Nash manifold 
extension of L' respectively. If L' (1 L = L' and {L,L') is locally diffeomorphic 
to {{{xi, ...,Xn) e RP- : Xi > 0, > 0},{xn^ = ■ ■ ■ = =0}) for some 

n' {< n)^ \ < n\ < ■ ■ ■ < < n '^^^ then we say L' has the property (*). For 
L' with (*), consider 7 : F — > L — the restriction of the blowing-up of a small Nash 
manifold extension L of L along center LnL' to the closure of inverse image of L—L', 
modify 7 : F — > L so that F is a compact Nash manifold with corners by the idea in 
the proof of Theorem VL2.1 in [S2] as before, use the same notation 7 : F — L, and 
call it the (*)-blowing-up of L along center L'. Note that 7"^ (L') is the closure of the 
union of some connected components of Reg^F. Set F_i = L and let < A; < n — 2. 
Inductively we define (*)-bloAviiig-up ^,/,. : F/^ ^k-i of Tj._i along center L^ q if 
k = and along center (70 o ■ ■ ■ o 'yk_i)-^{L^^k) if A; > 0, which is possible because 
Le.o and (70 o ■ ■ ■ o 7fc)~^(ije.fc+i) for < k < n — 3 are compact Nash submanifolds 
with corners of F_i and F^ with (*), respectively. Thus we assume that the above 
condition on W holds considering (F„_2, o 70 o • • • 7jj_2)~^([0, e]) — 9F„_2) 
in place of (L, W). Here we choose e so small that (**) h' is extensible to a Nash 
function on an open semialgebraic neighborhood of Int LUW in L with only normal 
crossing singularities. 

Moreover, we can assume that the closure of each connected component of Reg dL 
is a Nash manifold possibly with corners. Indeed, we obtain this situation if we 
repeat the same arguments as above to the canonical stratification of dL compatible 
with {x e dL : dis(a;, Lj.) = e^, dis(a;, Lj) > ej, i — 0, k — 1}, for k = 0, n — 2. 
Here we naturally define the canonical stratification of dL compatible with the 
above family in the same way as in the remark after the proof of lemma 4.5. After 
this modification of L, the property (**) continues to hold. 

Let Mj, for j G J, be the set of closures of the connected components of Reg dL, 
and let Jq denote the subset of J consisting of j such that Mj Cl Z = ^. Let L and 
Mj be Nash manifold extensions of L and Mj, respectively, which are contained and 
closed in a small open semialgebraic neighborhood U of L in the ambient Euclidean 
space such that Uj^jMj is normal crossing in L and for each j & J there is one 
and only one connected component of L — Mj which does not intersect with L. Let 
Z denote the smallest Nash subset of L containing Z. Then Z is normal crossing 

;„ r ] j-1 — ;„j- at„„u c .j-; — r „ „„j- i\/r ^-^ ] 
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with Xj > on Int L. 

By (**) we can choose a sufficiently small U so that h' can be extended to a Nash 

function h'_^ on L+ =^ {x G L : Xji^) > 0; j ^ Jo}^ such that /i^(Sing = h'{Z) 
and h'^ has only normal crossing singularities. Now we smooth h'_^ at L+ — L+ as in 
the proof of Proposition VI.2.8 in [S2]. Let L C R-'^, set G = graph /i^ C L+ x R, 
and let be the Zariski closure of G in R^ x R and Q be the normalization of 
in R^ X R X R^' for some A^' e N, and let r : Q R^ x R and g : Q R^ 
denote the restrictions to Q of the projections R'^ x R x R^ — > R-^ x R and 
R-^ x R x R-^ — > R-'^, respectively. Then it is known that r is a proper map to 
G^, and by Artin-Mazur Theorem there exists a union of connected components 
RofQ- r-^{G - G) such that i? C Reg Q and r|ij is a Nash diffeomorphism onto 
G. Here we can replace r~^{G — G) with a Nash subset 9~^((njeJo 
Q because r-\G-G) C q-\{Y[,ej, X,)-'(0)) and i?n g-i((n,eJo io-^O)) = 0; 
glit; is a Nash diffeomorphism onto L_(_; the map /i^ o is the restriction of the 
projection R-^ x R x R-^ R and hence extensible to a smooth rational function 
on Q; the set R fl q~^{L) is compact because r is proper and because G fl L x R 
is compact by boundedness of /; the function h'^ o qIr has only normal crossing 
singularities because the same is true for h'_^_. However, Xj°Q ^ow not necessarily 
regular at their zero sets. By theorem 2.8, R fl q~^{Z) is a Nash subset of RegQ 
and there exists a Nash function a on RegQ whose zero set is Rr\q~^{Z) and which 
has only normal crossing singularities there since Rnq~^{Z) is a Nash subset of R 
and since its closure in Reg Q does not intersect with R — R. 

Thus replacing L, L+, h'^, Xj and Z with RegQ, R, h'^ o Xj ° ?|RegQ 
and R fl q~^{Z) we assume from the beginning that M and / satisfy moreover the 
following conditions. 

(i) / and Xji ^r j e J, arc a finite number of Nash functions on a Nash manifold 
M, and X is a normal crossing Nash subset of M. 

(ii) M is the union of some connected components of M — (Hjej the set 

M is compact, the equalities f = f\M and X — X n M hold (we do not assume 
that M is a manifold with corners). 

We make HjejXj normal crossing at its zero set. Apply theorem 2.10 to the 
sheaf of jV-ideals on M defined by X and the sheaf of jV-ideals YijeJ^j-^- Then 
via blowings-up, IljGjXj becomes to have only normal crossing singularities at its 
zero set, and the conditions (i) and (ii) do not change because the subset of M 
where we modify by blowings-up is contained in {Y[j£jXj)~^{^)- 

It remains to make / together with {Ylj^j Xj)~^{^) normal crossing. Let {Mi} 
denote the canonical stratification of (Iljg j Xj)~^ (0)) set Mn = M—{Y[j^j Xj)~^ (0)) 
and let be a polynomial function on R such that ^"''^(0) = U"^Q/(Sing/|jg.) and 
is regular at 0~^(O). Once more, apply theorem 2.10 to the sheaf of A/'-ideals on 
M defined by X U iUjejXj)~^{Q) and the sheaf of A^-ideals [4>ofJ\f: Hil^'] = 
^x&m{p ^ '• P^i^ix 4>°f-^x}, where CiiTi is the decomposition of the sheaf of 
A/'-ideals on M defined by X to irreducible finite sheaves of AT-ideals and each ai is 
the maximal integer such that (p o /A/" is divisible by X"* . Then (/ — /(xq)) Hje J 
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and the subset of M where we modify now by blowings-up does not intersect with 
M because the stalk of the latter sheaf at each point of M is generated by a regular 
function germ and because 

{X u ill Xi)-'(o)) n suppM/[4> o fAf : n^x"'] n m = 0. 

3€J 

Finally, we separate as before M at the points of M where M is not locally connected 
so that M is a compact Nash manifold with corners. Then f\j^ has only normal 
crossing singularities, and we complete the proof. □ 

5. Proofs of theorem 3.2 and theorems 3.1,(2) and 3.1,(3) 

5.1. Proof of theorem 3.2. 

By proposition 4.1 it suffices to prove the Nash case and, moreover, that the 
cardinality of Nash R-L equivalence classes of Nash functions with only normal 
crossing singularities on a compact Nash manifold possibly with corners is zero or 
countable. The reasons are that first we can restrict functions to being bounded by 
the fact that R is Nash diffeomorphic to (0, 1) and secondly by proposition 4.9 we 
can regard a non-compact Nash manifold M and a bounded Nash function / with 
only normal crossing singularities on M as the interior of a compact Nash manifold 
with corners M' and the restriction to M of a Nash function on M' with only 
normal crossing singularities. Assume that there is at least one Nash function / on 
M with only normal crossing singularities. Then the cardinality is infinite because 
we can increase arbitrarily the cardinality of the critical value set, which is finite, 
by replacing / with tt o / for some Nash function tt on R. Let {Xa}aeA denote all 
normal crossing Nash subsets of M. Wc define a and a' in A to be equivalent if 
there exists a Nash diffeomorphism of M which carries to X^' ■ Then by lemma 
4.4 the cardinality of equivalence classes of A is countable. Hence it suffices to see 
that for each X^ there exist at most a countable number of Nash R-L equivalence 
classes of Nash functions f on M with only normal crossing singularities such that 
/~^(/(Sing /)) = Xct- Let denote all such Nash functions. Clearly there are 
a finite number of equivalence classes of {f\xa '■ R : / G -Fq,} under the 

Nash left equivalence relation since the value sets are finite. Moreover, there are 
at most a countable number of choices of multiplicity of / — /(a) at a for / e 
and a G Xq,. Hence we reduce the problem to the following one. Fix f & Fa, and 
let Ff denote the family of g & F^ such that g = f on Xq. and g — g{a) has the 
same multiplicity as / — / (a) at each point a of Xq,. Then the cardinality of Nash 
right equivalence classes of functions in Ff is finite. Moreover, it suffices to prove 
that each element of Ff, say /, is stable in Ff in the sense that any g & Ff near 
/ in the C°° topology is Nash right equivalent to / because there are only a finite 
number of connected components in Ff. 

Set n — dimM, embed M in R-^, and let {Mi\ denote the canonical stratification 
of M. There exist Nash vector fields vi, ...,Vk on M such that vix, vj^x span the 
tangent space T^Mi of Mj at each x & Mi. If we regard M as {{xi, ...,Xn) e 
R"' : xx > Q,...,Xn' > 0} by its local coordinate system, then Xi-£^ is contained 
in the linear space over N{M) spanned by vi, ...,Vk for each 1 <i <n'. Actually, 
set Li = W^-qMj, for i = 0, ...,n — 1, and choose a Nash manifold extension M 
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in M and {Li — is the canonical stratification of L^-i- Set L^ = M and 

Ln = M also. Then when we describe (M, L^-i) by a local coordinate system as 
(*) (R",{(a;i,...,a;n) eR^ :a;i---a;„, = 0}), 

Li= [J {{xi, Xn) eK'^ : Xj^ = ■ ■ ■ = Xj^_^ =0}, n - n' < i < n. 

l<ji<---<jn-i<n' 

We consider the situation on M rather than on M because the existence ofvi,...,Vk 
follows from the existence of Nash vector fields on M with the same properties. 

First, let Wn^i, ■■■,Wn,k„ be Nash vector fields on M which span the tangent 
space of M at each point, and a global generator of the sheaf of A/'-ideals on 
M defined by — we can choose M so that exists because M is a manifold 
with corners. Then v^ i = anWn,i, ■■■,Vn,kn — Oin'Wn,k„ ^^e Nash vector fields on 
M, span the tangent space of M at each point of M — L^-i and vanish at L^-i, 
and in the case (*), for each 1 < i < n', Xi-£^ on {{xi, ...,a;n) G R" : Xj ^ for 
1 < i < 'T^' with J 7^ z} is contained in the linear space over the Nash function ring 
on the set spanned by Vn,i, t'n,fe„- 

Next fix z < n and consider on Lj. Then it suffices to prove the following two 
statements. 

(i) There exist Nash vector fields fj^i, f^^fci on Li — Nash cross-sections of the 
restrictions to Li of the tangent bundle of R^, i.e. the restrictions to Lj of Nash 
vector fields on R^ by theorem 2.8 — which span the tangent space of Li — Li-i at 
its each point and vanish at L^-i and such that in the case of (*) the condition on 
each irreducible component {{xi, x„) e R" : Xj^ = • • • = Xj^_^ = 0}, same as on 
M, is satisfied for 1 < < • • • < jn-i < n'; to be precise, for any 1 < j < n' other 
than ji, ...,jn-i, then Xj-^ on 

{{xi, ...,Xn) eK"" : Xj^ = ■■■ = Xj^_^ =0, xi^Oiil e {1, ...,n'} \ {ji, ...Jn-iJ}} 
is contained in the linear space over the Nash function ring on the set spanned by 

(ii) Any Nash vector field on Li tangent to Lj — Lj_i at its each point for j <i 
is extensible to a Nash vector field on Li^i tangent to L^+i — Li at each its point. 

Proof of (i) . By considering the Zariski closure of Li and its normalization and by 
Artin-Mazur Theorem, we have a Nash manifold Pi and a Nash immersion ^i : Pi ^ 
Li such that ^i\p.-^-^(^L-_i) ^ Nash diffeomorphism onto Lj — Lj_i. Note that 
^~^(Lj_i) is normal crossing in Pj. Apply the same arguments to (P^, ^~^(Li_i)) 
as on (M, L^-i). Here the difference is only that we need a finite number of global 
generators ai^i, Q;i,2, ••• of the sheaf of TV-ideals on Pi defined by ^~^(Li_i). Then 
there exist Nash vector fields Wi_i, ...,Wi^ki on Pi with the corresponding properties, 
and they induce semialgebraic vector fields Vi,i, Vi^ki on Li through ^i because 
Wi^i, ...,Wi^ki vanish on ^~^(Lj_i). Such fj^i, f^^fc. are of class Nash by the normal 
crossing property of Ln-i in M and satisfy the conditions in (i). 

Proof of (ii). Let v be a Nash vector field on Lj in (ii), and ^j+i : Pj+i — > Lj+i 
the same as above. Then since ^j+i is an immersion, v pulls back a Nash cross- 
section w of the restriction to ^~j_\(Lj) of the tangent bundle of the Nash manifold 
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to $,~^i{Li) is w. This vector field induces a Nash vector field of Lj_|_i through ^i+i, 
which is an extension of v, by the same reason as in the proof of (i). 

Let g E Ff near /. It suffices to see that / and g are right equivalent. 
Actually, assume that there exists a diffeomorphism tt of M such that f = goTr. 
Let M and L^-i be the same as above and so small that / and g are extensible 
to Nash functions / and g on M, respectively. Extend tt to a diffeomorphism 
TT : Ui ^ U2 between open neighborhoods of M in M so that 7f(?7i fl L„_i) C Ln-i 
and f = g o TT. As above, let an be a global generator of the sheaf of A/"-ideals on 
M defined by Ln-i- Then o yf = Pa^ on Ui for some positive C"^ function /3 on 
Ui. Consider the following equations in variables {x,y,z) e x R. 

f{x) - g{y) = and an{y) - zan{x) = 

Here the second equation means that if x G then y G Ln-i- Then y — 

'k{x) and z = (i{x) are C"^ solutions. Hence by Nash Approximation Theorem 
II, there exist Nash germ My — it'{x) and z — (3'{x) solutions on M, which are 
approximations of the germs of tt and /? on M. Thus tt'Im is a Nash diffeomorphism 
of M and f — g o n' on M. 

Now we show the right equivalence of / and g. Set G{x, t) = {l—t)f{x)+tg{x) 
for (x, t) G M X [0, 1]. Then G{x, 0) = f{x) and G{x, 1) = g{x). Hence by the same 
reason as in the proof of theorem 3.1,(1) it suffices to find a vector field v on 
M X [0, 1] of the form ^ + Y^^^i aiVi for some functions on M x [0, 1] such 
that = on M X [0, 1], i.e., 

k 

r) f-9-Y.''^{vd + tv,{g-f)). 

i=l 

Moreover, as shown there, we only need to solve this equations locally at each point 
(a;o,to) of M X [0, 1] since M is compact. 

If xq ^ Xq, then {vif){xo) ^ for some i and hence we have solutions of (**) 
aj =Q for j y^i and ai = {f - g)/ {vif + tvi{g - /)) around {xq, to) because g - f 
and hence tvi {g — f) are small in the C°° topology. 

Let xo G Xa- Then we can assume that M = {x = {xi,...,Xn) G R"^ : \x\ < 
1, xi > 0,...,Xn' > 0} for some n' {< n) G N, that a;o = and f{x) = x^ for 
some P = {Pi,...,Pn) G N"' with |/?| > 0, that k = n and vi = x^-^, ...,Vn' = 
Xn'-^^,Vn'+i = -^-^ — , = and that f — g = hx^ for some small 

0x^1 aa;„/_|_j oxn 

function 6 on M by lemma 2.12. Let i be such that f3i ^ 0. Then Vif = PiX^/xi 
and Vi{f - g) = hPixf^ /xi + ^a;^ if ^ > n', and v^f = and Vi{f - g) = 

hPixf^ + Xi-^x^ ii i < n' . In any case (**) is solved as before. Thus theorem 3.2 
is proved. 

5.2. Proof of theorems 3.1,(2) and 3.1,(3). 

Let us consider the case where M is a manifold without corners. 

Proof of (2). Set X = /-^(/(Sing/)) and Y = ^-^(^^(Sing^)), and let tt be a 
diffeomorphism of M such that f ott = g. Then X and Y are normal crossing, 
7r(y) = X, and we assume that tt is close to id in the Whitney topology by 
replacing / and tt with / o tt' and Tr'~^ o n for a C°° approximation n' of tt in 

\-\Tl^:i- J- 1 XT .„ U,, A O ] f ] „ J-1 
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exists a C°° diffeomorphism tt" of M close to id in the Whitney topology such 
that 7r"(y) = X. Replace / and tt, once more, by / o tt" and 7r"~^ o tt. Then we 
can assume that, moreover, X = Y . We want to modify tt to be of class C°° on 
a neighborhood of X. Set 5(e) = {x G R"^ : |x| < e} for e > G R. Let {Ui] 
and {^7/} be locally finite open coverings of X in M such that U[ C Ui, such that 
tt{U-) C t/i, each f\u. is C°° right equivalent to the function J^J^^^ x"^ + constant, 
for X = (xi, Xn) e Int5(ej) and for some > G R and some a = (ai, G 
N" depending on i with cui > 0, ctn' > 0, ctn'+i = • • • Q!n = and that C/^ fl X 
and [// are carried to Int B{ei) fl {xi ■ ■ ■ x^' = 0} and B{ei/2) by the diffeomorphism 
of equivalence. Then by induction on i it suffices to prove the following statement 
(for simplicity of notation we assume that = 3 and Ul is carried to -B(l))- 

Let C be a closed subset of -8(3). Let / and g be C°° functions on R" such 
that / is of the form x°' = Ylj=i ^ ^^e above a and g is of the form x°'g' 
for some positive C°° function g' on R". Let tt be a embedding of 5(3) into 
R" such that / o tt = ^ on S(3) and n{X n B{3)) C X where X = {x° = 0}. 
Let T : 5(3) — > R"^ be a approximation of tt in the topology such that 
t{X n 5(3)) C X, such that f o r = g on a neighborhood of C in 5(3) and r is of 
class C°° there. Then, fixing on (5(3) — 5(2)) U C, we can approximate r by a 
embedding f : 5(3) R'" in the topology so that f{X D 5(3)) C X, so that 
f of = g on 5(1) and f is of class on 5(1). 

We prove the statement. Set t{x) — (Ti(a;), ...,T„(a;)). Then Tj{x) for each 1 < 
j < n' is divisible by Xj, to be precise, there exists a positive function Fj on 5(3) 
such that Tj (a;) = XjFj{x) since 7r(Xn5(3)) cXandX = {OjxR^-^U- • -UR^'-^x 
{0} X R"^"" and tt is close to id. The required approximation f = (fi, fn) also 
has to have the form (xiFi, ccn'i^n', T^n'+i, •••,T"n) for some positive functions 
Fj and functions f^'+i, f„. Set F = (Fi, F^/) and F = (Fi, Fn')- Then 
F is of class on a neighborhood of C, the condition f of = g on 5(1) coincides 
with the one F" = g' on 5(1), and the other conditions which F, r^'+i, f„ satisfy 
are that F = F on (5(3) — 5(2)) U C, that (F, f^'+i, r^) is an approximation of 
(F, Tn'+i, •••,Tn) in the topology and that f is of class on 5(3) and of class 
C°° on 5(1). 

Set Z = {{x,y) G 5(3) x R"' : = g'{x)}, which is a submanifold with 
boundary of 5(3) x R"^ by the implicit function theorem since g' is positive. Note 
that F" = g' on 5(1) if and only if graph F|b(i) C Z and that graph F\c C Z. 
We can construct a C°° projection p : W ^ Z oi a tubular neighborhood of Z in 
5(3) X R" such that p{x,y) for {x,y) G is of the form {x,p2{x,y)) as follows. 
Since g' is positive, Z n {x} x R"^ for each x G 5(3) is smooth and, moreover, 
the restriction to Z of the projection 5(3) x R"^ B{3) is submersive. Hence 
if we define p{x,y) for each {x,y) G 5(3) x R"^ near Z to be the orthogonal 
projection image of {x,y) to Z n {x} x R"^ , then p satisfies the requirements. Let 
(F, fn'+i, fn) be a C°° approximation of (F, Tn'+i, Tn) in the topology, 
fixed on a neighborhood of C, and (f) a C°° function on 5(3) such that < < 1, 
= 1 on 5(1) and = on 5(3) - 5(2). Define a map F = (Fi, •••,^n') : 
5(3) ^ R"' by 

F{x) = (p{x)p2{x, F{x)) + (1 - (t){x))F{x) for x G 5(3), 
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in Z because F\b{X) coincides with the map : -B(l) 3 x ^ p2{x, F{x)) e R"'' 
whose graph is contained in Z; then F = F on B{3) — -8(2) since = there; 
then F = F on C since F = F there and since p{x,F{x)) = {x,F{x)) there; 
then (F, f„'_|_i, f^) is an approximation of (F, r^/^i, t„) in the topology 
since so is (F, , f^'+i, r^); then f is of class because if we set p2{x,y) = 
{p2,i{^,y),-,P2,n'{x,y)) then 

fj{x) = (j){x)xjP2j{x, F{x)) + (1 - (j){x))Tj{x), l<j< n'; 

finally f is of class C°° on B(l) since F{x) = p2(x,F(x)) on B{1). Thus the 
statement is proved. 

In conclusion, for some closed neighborhood V of /(Sing/) in R each of whose 
connected components contains one point of /(Sing/), there exists a diffeomor- 
phism T of M sufficiently close to tt in the Whitney topology such that r is of 
class C°° on f~^{V) and f or = g on f~^{V). Then the restrictions of / and g to 
/~^ (R — V) are proper and locally trivial maps onto H — V, moreover f 0% = g on 
/~^(R — V) and T\f-i(^ -R-v ) approximation of Mf-i-( ii-v ) Whitney 
topology. Hence we can modify r so that f or — g and r is of class C°° everywhere 
fixing on f~^{V). Therefore, / and g are C°° right equivalent, which proves (2). 
Proof of (3). Let <^ Z e N. We prove first that / and g are semialgebraically 
right equivalent and later that semialgebraic C' right equivalence implies Nash 
right equivalence. We proceed with the former step as in the above proof of (2). 
Let TT be a semialgebraic diffeomorphism of M such that / o tt = (7, and set 
X — /~^(/(Sing/)) and gr~^(gf(Singgf)). Let tt' be a Nash approximation of tt 
in the semialgebraic topology (Approximation Theorem I). Then tt' is a dif- 
feomorphism of M and tt'"^ o tt is a semialgebraic approximation of id in the 
semialgebraic topology. Hence by replacing / and tt with f on' and tt'"^ o tt, we 
assume that tt is close to id in the semialgebraic topology. Moreover, we suppose 
that X = y as in the proof of (2) by using lemma 4.3 and its remark in place of 
lemma 4.2. Furthermore, by using lemma 4.6 we can reduce the problem to the 
case where M is the interior of a compact Nash manifold possibly with boundary 
Ml and for each x G dMi, the germ {Mij^^Xj;) is Nash diffeomorphic to the germ 
at of (R"-"^ X [0, 00), {(xi, ...,Xn-i) e R"-"-^ : xi - ■ -Xn' = 0} x (0, 00)) for some 
n' (< n) e N. 

We modify tt on a semialgebraic neighborhood of X. By lemma 4.7 and proposi- 
tion 4.8, (iii) there exist finite open semialgebraic coverings {Ui} and {U[\ of X in 
M such that the closure U[ in M is contained in Ui, such that 7^(111) is contained 
in Ui, such that /|(7. is Nash right equivalent to a;"+ constant on IntS^. (e^) where 
a = (cti, an) e N"^ depending on i with ai > 0, an' > 0, ctn'+i = • • ■ ctn = 0, 
for n'(< n) e N - {0} and B^.{ei) = {x = {xi,...,Xn) G R" : a^n > 0, < 
^i{xn)j \x\ < ei} for some > G R and some positive Nash function on 
(0, 00) and that Ui r\ X and U^ are carried to Inti?^^(ei) fl {xi ■ ■ -Xn' = 0} and 
Int i?^./2(ei/2) by the diffeomorphism of equivalence. For modification of tt on a 
semialgebraic neighborhood of X we need the following statement. Let /' G N such 
that l<l' <l + 

Let ^ be a small positive Nash function on (0, 00), and C a closed semialgebraic 
subset of i?3^(3). Let / and g be Nash functions on i?4^(4) such that / is of the form 



54 



GOULWEN FICHOU AND MASAHIRO SHIOTA 



i?4^(4). Let TT be a semialgebraic embedding of -83^(3) into -04^(4) close to id in 
the semialgebraic topology such that /ott = ^ on -83^(3) and 7r(XnS3^(3)) C X 
where X = £ R"' : xi---Xn' = 0}. Let r : Bs^{S) -^4^(4) be a 

semialgebraic approximation of tt in the semialgebraic topology such that 
t{X n i?3^(3)) C X , such that f or = g on a closed semialgebraic neighborhood V 
of C in ^35(3) and r is of class C^' there. Then, fixing on (^35 (3) - Bag (2)) U C 
we can approximate r by a semialgebraic embedding f : -83^(3) — > -84^(4) in 
the semialgebraic C'^ topology so that f{X fl ^3^(3)) C X, such that f o f = g on 
B^{1) and f is of class C^'-^ on B^{1). 

We prove the statement. As before, set r = (ri,...,r^), f = (fi,...,f„), let 
Fj and Fj, 1 < j < n', be positive semialgebraic functions on -03^(3) such 
that Tj = XjFj{x) and fj — XjFj{x) on i?3g(3), and set F — (Fi, Fn') and 
F = (Fl, Fn'). Note that Fj are of class "-"^ on a semialgebraic neighborhood 
of C in ^3^(3), which is different to Fj in the proof of (2) where they are of class 
C°°. Then the required conditions are that F" — g' on -Bg(l), that F = F on 
(i?3g(3) — i?25(2)) U C, that (F,fn'+i, ...,Tn) is a semialgebraic approximation 
of (F, Tn'+i, Ttj,) in the semialgebraic topology, and f is of class on -83^(3) 
and of class ~^ on B^{1). 

Set Z = {{x,y) e -83^(3) X R"^' : y°' = g'{x)}, which is a Nash submanifold with 
boundary of -83^(3) x R"' , and let p : 1^ — > Z be a Nash projection of a semialge- 
braic tubular neighborhood of Z in -83^(3) x R" such that p{x,y) for {x,y) e W 
is of the form {x , p2{x , y)) , which is constructed as before. Let (F, fn'+i, ■■■,fn) be 
a Nash approximation of {F,Tn'+i, ■■■,Tn) in the semialgebraic topology, and 
(J) and i/j semialgebraic C' functions on i?3g(3) such that < ^ < 1, such that 
(/) = 1 on B^{1) and (/) = on ^35(3) - ^25(2), such that < < 1 and = 1 on 
-83^(3) — V whereas V' = on a semialgebraic neighborhood of C in -83^(3) smaller 
than Int V. Set 

F{x) = (p{x)p2 {x, ij{x)F{x) + (1 - i){x))F{x)) + (1 - (p{x))F{x) for x e ^3^(3), 

and f = (xiFi, ...,Xn'Fn/,fn'+i, ...,fn) on ^3^(3). 

Then we see as before that the required conditions are satisfied. Hence the state- 
ment is proved. 

By the statement, a partition of unity of class semialgebraic C' and by remark 
2.11,(5)' we obtain an open semialgebraic neighborhood U oi X and a semialgebraic 
diffeomorphism r of M close to tt in the semialgebraic topology such that 
T is of class on U and f o r — g on U (the point is that after fixing U we can 
choose r so as to be arbitrarily close to id). Then we modify r so that r is of 
class semialgebraic and / o r = g, i.e., / and g are semialgebraically right 
equivalent as follows. 

Let ?7 be a semialgebraic C' function on M such that < 77 < 1, such that 
r] — outside of U and 77 = 1 on a smaller semialgebraic neighborhood of X, 
and set A = {{x,y) G (M - X)^ : f{y) = g{x)}. Then A is a Nash manifold 
and there exists a Nash projection q : Q ^ A oi a small semialgebraic tubular 
neighborhood of A in the square of the ambient Euclidean space of M of the form 
q{x, y) = {x, q2{x, y)) for x E M — X . Let f be a Nash approximation of r in the 
semialgebraic topology, and set 



ANALYTIC EQUIVALENCE OF NORMAL CROSSING FUNCTIONS 



55 



Then f is well-defined because the graph of the map from M to the ambient Eu- 
clidean space of M : a; — > r]{x)T{x) + (1 — r]{x))f{x) is contained in Q, hence f is a 
semialgebraic diffeomorphism of M and f of = g. Thus the former step of the 
proof is achieved. 

Let -C Z^'^'' <C •• <C / e N. For the latter step also we can assume that X — Y 
and that there exists a semialgebraic diffeomorphism tt of M close to id in the 
semialgebraic topology such that f o tt = g. Let fj, he a Nash function on R 
such that fj,~^{0) = /(Sing/) and is regular at ii~^{0). Consider /i o / and iJ,og. 
Their zero sets are X , they have only normal crossing singularities at X, the same 
sign at each point of M and the same multiplicity at each point of X, and we see 
easily that the Nash function on M, defined to be /x o gf//x o / on M — X, is close to 
1 in the semialgebraic topology. Hence the conditions in lemma 4.7 are satisfied 
and there exists a Nash diffeomorphism tt' of M close to id in the semialgebraic 
topology such that 7t'{X) = X and f o re' — g is /'-flat at X. Thus, replacing / and 
TT with / o tt' and tt'"^ o tt, we assume that f — g is /'-flat at X and n is close to id 
in the semialgebraic topology. 

By proposition 4.9 we can assume that M is the interior of a compact Nash 
manifold possibly with corners Mi and / is the restriction to M of a Nash function 
fi on Ml with only normal crossing singularities. Then by the deflnition of semial- 
gebraic C' topology, TV is extensible to a semialgebraic diffeomorphism tti of Mi 
such that TTi — id is /'-flat at dMi. Hence g also is extensible to a semialgebraic C' 
function gi on Mi, and /i — gi is close to in the topology and /'-flat at dMi. 
Let Vi, for i = 1, A/", be Nash vector fields on Mi spanning the tangent space of 
Ml at each point, ui a non-negative Nash function on Mi with zero set dMi and 
regular there, and set z/2 = ^iLii'^ifi)'^ p = i'\ V2- Then the radical of V2M 
is the sheaf of A/'-ideals defined by X U 9Mi, and /i — g\ is divisible by z/; to be 
precise, there exists a semialgebraic function /? on Mi such that j\ — g\ — I'P. 
Moreover, /? is close to in the C'^^^ topology. Actually, by lemma 2.12 the map 
C°°{Mi) 3 h ^ i^h e i^C°°{Mi) is open. Hence for h E C°°{Mi), ii vh is close 
to in the C^" topology then h is close to in the C'^^' topology. This holds for 
h E (Ml) also because h of class is approximated by a C°° function h' in 
the topology and u ■ {h — h') and hence uh' are close to in the C' topology. 
Therefore, /3 is close to in the C^'^' topology. 

It follows from the definition of semialgebraic topology that z/J /3|m is close 

to in the semialgebraic C'^^' topology. Then the conditions in proposition 4.8, (ii) 

for / and g {= f — I'l' P Z^^i('yi/i)^|M) are satisfied. Hence / and g are Nash right 
equivalent. 

We can prove the case with corners in the same way. □ 
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